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Synopsis 


In tins tln'sis w<> investigate some aspects of the relationship between the LP-multipliers on 
tin* groups E, T. and Z. The starting point of the work done in this thesis lies in the 
works of Asinar, Berkson, and Clillespie, G. Weiss and his co-authors. We begin with some 
deiinitions: 

Definitioir 0.1 Let (j be a locally compact abelian group and let G be its dual. Let (f) G 
L^{G). B e say that 0 is an 17 [G) -multiplier ij the operator : L^{G) LF{G), defined 
by “ of yfml/{G)nlfi{G) is a bounded linear operator, and Mp{G) denotes the 

set of all !J‘{G) ■multtpliers. 

In this thesis we art' only concerned with the groups G = R or T (then R is identified with 
R and T wilii Z). We identify the circle group T with [0,1) with addition modulo 1. For 
/ € L‘(R) our definition o f Fourier transform is 

/«) = / 

Ju 

In this thesis we will deal with the ‘extensions’ of multipliers from T to R obtained by a 
suinmability kernel method which is described below, j 

Definition 0.2 A bounded measurable function A on R is said to be a summability kernel 
if for each cp G Mp{Z) the function 

= E - n) 

vii 


( 1 ) 



IS defin(‘d pointwisf a.t'. mid belongs to A/p(R) with i|W^(^,A|lAfp(K) < C'p,A||<?^||Arp(Z)j where the 

constant Cp,A depends only upon p and A. j 

Let 5p(R) denote the set of (dl summability kernels. 

By an ‘exltnision’ {jrohh'iu we moan the construction of an Lp(R) multiplier from 
an /A'(T) multiplier o :i.s al)ove. Let us also define the following set. 

5p(R) = {A € //'^(E) ; For each finitely supported (?;> e Mp{Z), the function a (as in 
Eqn. 1 ) l)elongs to A/,,(R) and there exists a constant Cp,A (which depends only on 
p and A) stich that 11^^ 0 ,a1Ia/j,{R) < ^p.All^llwptz)}- 
In the .second chapter we first characterize S'p(E) for p = 1 and for p = 2. Our result is 

Proposition 0.1 (i) S!] .S’, = {A 6 L’^'{R) : esssup ^ \A{^ + n)\ = 5^ < oo}. 

nCZ 

(ii) {A e L\R)^ : A = F with e.sssup ■*" < oo}- 

neZ 

While the two conditions appearing in Proposition 0.1 appear very different, a deeper analysis 
suggests a unified pictiire, which then gives us a necessary condition for A to be in Sp(R) for 
other values of />. Define 

Fp =: {A ir{k) ; for a.e. :r e [0, 1), Af 6 Afp(T) with l|Af |iM,{T) € L~[0,1)}, 
vvliere Af is tlie 1-periodic ext('nsion of = e'‘^’"^-A. 

We prove: 

Proposition 0.2 Sp(R) C Fp for 1 < p < 2. 

We do not have a complete characterization of the set 5p(R) of all summability kernels. 
However the following result is proved: 

Theorem 0.1 (i) If Au A 2 G Fp n (L^R))^ then A = A 1 A 2 G Fj(R). 

(ii) If in addition either < 00 or 5 a2 < 00 then A G ^^(R). 

viii 


hi all the previously known classes { [29], [11], [1]) of summability kernels A, either A has 
corn pact support or A = F for some F G L'(E) having compact support. In this chapter 
we have a largi’ class of suniinahility kerne Is which do not satisfy either of the above two 
conditions. 

In the last section of this chapter, we restrict ourselves to the case p = 1. Prom the 
characterization ~ .1/(6’), for 4 ^ Mi(Z) we have (/» = for some u E M(T). 

Further, it A € Fi{K) then = fi for some p € Af(lR). Here we study the properties of i/ 
which are carried over to fi by this process of extension. We denote 
Fo - {A G ; Aa < oo}. Then we first prove the following theorem: 

Theorem 0.2 Let \ G Fo, i' G A/(T), define. fi{^) = = XI (here 

n 

n G A/(R);. 

(a) If u is an absolutely continuous measure on T, then fj, is an absolutely continuous 
measure on R (both with respect to the Lebesgue measure). 

(b) If u is a discrete measure, then either /.i = 0 or pi, is a discrete measure. 

For continuous measures we need an additional condition on A. We proved the following 
result by using Wiener’s lemma. 

Theorem 0.3 Let A G S'i(E), and suppose that supp A is compact. Then if u is a continuous 
measure, so is p. 

We can relax the condition that supp A is compact by another condition. 

Theorem 0.4 Suppose A € Fq and that A has a decreasing radial L^-majorant Ai- Then p 
is a continuous measure if v is. 

In the next chapter we have studied a different kind of extension. Here we prove that in 
fact every lp{Z) sequence can be extended to give an element of Mg{R) for certain values of 
q depending on p. 
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Theorem 0.5 Let S £ ,mpp S C [i,|] and EI(5^)^(n)|P < oo /or 1 < p < oo. 

71 

Define = E d>(ri)S{(, - Ji) for (f G lp'{Z). Then 

nt Z 


" *.,v t A/,{R) for 


•/!<?< 2 

i/2<p< OO. 

For p = 2, G Mq{^) for 1 <q < oo. Moreover, 


< CTp\\4>\\p 

where Tp -- (E ond C i.s a constant which depends only on p. 

n 

I'his n'sult u.s<^s multilinenr interpolation. Further we also prove: 

Proposition 0.3 Let I < p < 2. Suppose S G L/(K) and has compact support. If fi E ^p(^) 
then G for I < q < oo and I1W^,5||m,(r) < C'I1<;^1IpI1‘?IIp- 

Finally we prove a maximal inequality for Theorem 0.5. 

In the lixst chapter, we study “extensions” by summability kernels for weak-type (p,p) 
multipliers, defined below. 

Definition 0.3 Let G be a locally compact abelian group with Haar measure A. We say 
that <f G L^{G) is a weak type (p, p) multiplier, if the operator on LP{G) defined by 
{T^f)^ =(ff V/ G 1/(0) n L'^(G) satisfies 

A {x : IVWI > t}‘ < ( jll/ll,)' V t > 0. (2) 

Let Mp^\G), for 1 < p < oo denote the space of all multipliers of weak type (p,p), and 
Np“\(f) is the smallest constant C > 0 such that Eqn.(2) holds. 

The “restriction” problem for weak type multipliers has been studied extensively by 
Asmar, Berkson, and Gillespie, Bourgain, Raposo... in a series of papers. We first make a 
comprehensive survey of these results in the first section of this chapter. 


X 



In t!u* next section we have proved the following weak-type analogue of the corresponding 
result of Berkson, Paluszynski and Weiss [11] for strong type multipliers. Namely 

Theorem 0.6 [11] For 1 < p < co let A. ^ Mp{R) and let support of A be compact. If 
4) € A/;,(Z) then U'^.A € A/p(R). Moreover ||W^,a||mp{R) ^ 
comtant ( ' depends on p and supp A. 

For tlu' proot ol the above theorem in [11] Berkson, Paluszynski and Weiss extended the 
original transference methods and introduced transference couples. We prove weak-type 
iuecpialities in a suitable context of transference couples a nd using this we prove; 

Theorem 0.7 Let 1 < p < oo. Suppose. A 6 Mp{R^) and supp A C [|,|] for 

4> t define IP^.a(0 = f{n)A{e,-n) on , then G Mi^\R^) and 

nezw 

Il'^llAtpCa'^)- where Cp is a constant depending onp. 

Further, the condition that sxtpp A C [i,|] ^ is not really crucial for the above result. If 
supp A C [-A/,A/]^, a {partition of identity argument allows a more general theorem as 
in [11]. Alternatively we can also do this by means o f the following lemma, which seems 
interesting on its own. 

Lemma 0.1 Let .4 ; be a nonsingular linear transformation such that A(Z^) C 

Z^. Denote .4' = B. For (j) € Ioo{Zj^) define 


and 


Then 


ipin) = <p{Bn) 


7]{n) = 


(p{B 'n) 

0 


neBZ^ 

otherwise. 
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Ill If O I ) tlivn I'.T] € Mp{X^) with multiplier norms not exceeding the multiplier 

nnrJH <ij O. 

(ill If 0 t Mp then ij'.T) E Mp“’^{Z^) with weak multiplier norms not exceeding the 

xt'cak nuilttplirr norm of cj). 

A special case t»{ this lemma, corresponding to multiplication by 2 is in [29], and in [5] for 
\v('ak type multipliers. For general dilation matrices A as in lemma 0.1, the ideas of the 
proof occur in wavelet theory. 

Finally as an application of Theorem 0.7 we have the following weak-type analogue of 
deij'euw's (.'lOj result. 

Theorem 0.8 For I < p < oo , and e > 0; let C Mp^\z) satisfy 
(i) liino.dfj) = 0{-v) a.e. 

(it) - K < oo. 

f 

'/■/mn e <md < snp 


xn 



Chapter 1 


Introduction 


111 the sttiiiy of Fourier series, it becomes important to describe those sequences {cn} for 
which is always a Fourier series of a one-periodic integrable function whenever 

JU7. 

^ is such a Fourier series. Quite naturally, this problem does not remain confined 

n 

to functions on the circle group T. For locally compact abelian groups G the analogous 
problem is to describe hounded measurable functions for which <l)f is always the Fourier 
transform of a function g G whenever / G I/{G) fi L'^{G) (see the notation below). 

It turns out that any such function gives rise to a bounded linear operator on L^{G) which 
commutes witli tlu* translations of G and conversely, every translation invariant operator on 
1J’{G) is sussociated with a bounded measurable function 4> on G as above. 

The multiplier problem is to characterize all such operators for 1 < p < oo. Except for the 
cases p = 1 and p = 2, this is a difficult problem even though some abstract characterizations 
exist. We refer to [31], [26] for details. 

Before proceeding further with this introduction , we fix some notation and along the 
way we will state some well known results. 
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1.1 Notation and Preliminaries 


(/ will n locjilly I'ompacf abelian group and G its dual group. G is equipped with a 

Haar nieasure and we will rlenote tlie integration with respect to this measure by dx. For 
1 S P i.s the Ibinach space of equivalence classes of complex valued measurable 

functions on whose //'* jiowt'r is integrable with respect to the Haar measure. The Banach 
space of e(iuivalenet' clas,ses of essentially bounded complex valued measurable functions on 
G will be denoted liy IG {G). riie norms on these spaces are given by 

= ( J \f{^)\^dx)p (1 < p < oo) 
c; 

1 1 / 1 i x, = ess sup I / (x) I (p = oo) . 

x€(? 

C'((0 denotes the sjuice of continuous complex valued functions on G. Co{G) and Cc{G) 
are the subspaces of C{G) of functions which vanish at infinity and have compact support 
respectively. 

C\){G) is a Banach space with the norm 

ll/lloo = sup|/(x)l. 
xeG 

If / € L^{G) and </ ( /d'(6') the convolution is defined as 

/ * g{x) = j I{xy~^)g{y)dy. 

G 

The space I'(G) is a commutative Banach algebra with the convolution as product. 

It is well known that L* * LP{G) = LP[G) for 1 < p < oo and LP * LP C Co(G), where p' 
is the conjugate index of p, i.e. ^ ^ = 1. 

The Fourier transform / of / in L} (G) is given by 

/(t) = J f{x)j{x~'^)dx 7 G G. 
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111 the ca«e of G — or T*'^ we use the notation 

ho = [ G G. 

Jg 

We identify T with the interval [0,1) with addition modulo 1. If G = R^, G is identified 
with R*"^ and for G = T^, G = Z^. For G = we denote LP{G) by lp{Z^). 

The space G(IR^ ) of Schwartz class functions is defined to be the class of all those C°° 
functions / on R^ (i.e. all the partial derivatives of / exist and are continuous) such that 


sup ] 2 :“(D^/)(.t)| < oo 

lor all n- tuples a = (rti, . . . ,a,v) and /i = {Pi, ■ ■ ■ ,Pn) of nonnegative integers, where for 
an n-tuple a = (o;i , . . . , ajv) we let D°‘ = ■ 

The space of all bounded complex valued regular Borel measures on G is denoted by 
A/(G). i\/(G) is a Banach space with the norm l|/r|l = Ia^KG) where |/r| is the total variation 
of /i. A/(G) is also a commutative Banach algebra under convolution defined by 

/i * u{E) — j ^i,{E — x)dv{x). 

For a function / on G, and x 6 G, the translation operator is defined by 


Txf{y) = !{x V) for every y 6 G. 


We end this section with the statement of the Multilinear Riesz-Thorin Interpolation theo- 
rem. 


Theorem 1.1 [42] Let S and Si, i = 1,2 — n, be measure spaces with measures v and 
Vi, z = 1, 2, . . . , n, respectively. Suppose T is a multilinear mapping from the product space 
S{vi) X 5(1/2) X ■ - • X S{vn) to the vector space of v -measurable functions on S, where S(vi) 
denotes the class of integrable simple functions with respect to Vi, i = 1,2, . . . , n. If for a given 
(n -f l)-tuple of real numbers ■■ where A: = 1 or 2, 1 < < 00 , i = 



4 


"• ' f-ypes {p[\p^^\...,p\l\qW) and {pf\p^^^\...,p!^\q^'^^), 

that ts, 

n 

H'Vi./i /„)||,,M < M, J]||/i|U, (k = 1,2), 


2=1 


whetr /. t. 6'| j. Then T is of type (pi, P2, • • • ,Pn, q) for 


i. 

Px 

i 


l-t , t 

\-t j t_ 

,(1) 1" ^(2) , 


where i --- 1,2, . . . , ?/; {) < t < 1, and the inequality 


1=1 

holds. 


Moreover, if all the p, ’.s are finite, T can be extended by continuity to LP^ {u{) x x 

• • • X preserving the above inequality. 


1.2 Multipliers 

Let (t he a locally compact abelian group. A bounded linear operator T from LP{G) to 
for 1 < p < CO, is said to be a Fourier multiplier operator if it commutes with 
translations, i.e., r^T = Tt^ Vx G G. It is well known that for each such T there exists a 
bounded measurable function (f G L^{G) such that (T/)^ = (pf, V/ G 12" n L^{G). We 
denote by Mp{G) the space of all such fs. Mp{G) is a Banach space with the norm 

UWmag) = Fll, 

where |1T1| denotes the operator norm of T associated to 0 as above. For general facts on 
multipliers see (31] or [39]. 

For (j> G Mp(G), Halloo < It^liMp(G)- If i^n} is a sequence in Mp{G) and (pn ^ <P pointwise, 
then (p may not belong to Mp{G). But we have the following result, whose proof is easy. 
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Theorem 1.2 [29] Let {^n} C Mp{G) and 0 a.e. with sup < oo, then 

0 e Mp{G). 

The multiiilier problem is to characterize Mp{G). For p = 1 and p = 2 these spaces have 
been characterized [31]: 


Mi{G) ^ M{G)'^ and M 2 {G) L°°{G). 


Thus Mi{G) ^ {Co{G)Y and M 2 {G) ^ (L*(C?))*, where A'"* denotes the dual of a Banach 
space A'. For 1 < p < 2 Figa-Talamanca and Gaudry characterized the multiplier spaces 
Mp{G) ius duals of certain Banach spaces. For 1 < p < 2, define the spaces Ap{G), as follows 
Ap{G) -= {/ : / = Ylgn * hn such that {p„} C Lp(G),{/i„} C Lp'(G) with 

71 

S ll^nllpll^^nllp' < CX)}. 
n 

Then Ap(G) is a Banach space with the norm 

l|/||ap(G) = inf < ^ i , 

\ n n J 

where the infimum is taken over all representations of /. We refer to [26], [31] for details. 


Theorem 1.3 (/lp(G))* w Mp(G). 

In the above theorem, for (j> € Mp{G), the identification with the linear functional is given 
by 


K^F = ^ T^gn * hn{0) where F = 'Y^gn* hn, 

n n 

and it can be proved that K^F is well-defined, i.e. is independent of the representation of 
F. Conversely, given “0 € Ap{G)*, the operator T is defined by the dual action as 


<Tf,g >=ip{f *g) f e g e L^' . 


Observe that Ai(G) « Go(G) and A 2 (G) « L^(G). 

In this thesis we restrict ourselves to G = or Z^. We will study the relationship 

between Mp{W), Mp(Z^), and Mp(T^). 



t* V,, 1... 
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1.3 Restriction and Extension Problems 

A natural question, called the restriction problem is : Suppose (j) € Mp(R^) is such that 
makes sense, then is it true that <^|zn € In 1965, de Leeuw [21], consid- 

ered this problem for bounded measurable functions which are regulated , i.e., such that 

j;*”!; 7/7f7il i/r(i) for all x, where lr{x) is the ball of radius r and centre x. He 

}>roved that 

Proposition 1.1 //^ € Mp(R^) and is regulated then (f>\z'^ € Mp(Z^). 

In [18], this result is stated for a closely related class of functions (j) called normalized. Since 
R/Z can be identified with T, another question that arises naturally is: If 0 G Mp(R) and is 
one-periodic then does (j) € Mp(T)? In [21] de Leeuw proved the following 

Theorem 1.4 Let <j) be a bounded measurable function on T. Define 'ip on M by 'ip{x) = 
Then the following are equivalent. 

(i) ct> e Mp(T) 

(a) '0 € Mp(R). 

If (i) and (ii) hold then ||<^||mp(T) = llV^IUp(R)- 

In the same paper, de Leeuw [21], proved various important results concerning the relation 
between Mp(R^), Mp(Z^), Mp(T^), Mp(Rf ) where R^ is the Bohr compactification of 
R^. For general locally compact abelian groups the restriction problem translates as the 
Homomorphism theorem for multipliers [23], which states that “Let Gi and be two 
locally compact abelian groups. If 0 G Mp{Gi) D C{Gi) and tt : G 2 — t Gi is a continuous 
homomorphism then 0o7r G Mp(G 2 ) and its multiplier norm does not exceed the multiplier 
norm of 0.” 
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The Extension Problem, a Survey 

In t he reverse direction we can ask the following question: For 4> iii Mp(Z) can we construct 
0 (continuous?) on R such that t/’lz = <j>- The most natural extension is the piecewise 
constant function 0 which agrees with 4) at integer points, i.e., for (j) € Mp(Z) define V'(^) = 

- n). Jodeit [29] proved that i/) e Mp(R) for 1 < p < oo (Since ip is not 

n 

continuous in general, 4> cannot be in Mi(R)). Another natural extension is the piecewise 
linear function such that ■0(n) = (j){n) for (j) e Mp(Z). In [29] Jodeit also proved the 
following: 

Define A(0 = max(l - |^|,()). If ^ € Mp{Z) then ?/)(^) = — n) belongs to Mp(R) 

n 

for 1 < p < oo. 

Figa-Talamanca and Gaudry [25] considered the piecewise quadratic extension of e 
Mp{Z). Let A(^) = max(l - |^|,0), define ip by ip{4,) = — n) for <j) € Mp(Z). 

n 

Then ip belongs to A/p(R) for 1 < p < oo. They used the characterization of Mp{G) as 
the dual of the Banach space Ap{G) to prove this result. All the above extensions can be 
generalized in the following manner. Let A be a bounded measurable function on R such 
that supp A C [0, 1] and A(0) = 1. Define 

i^{0 = Yj4>{n)A{^-n) ( 1 . 1 ) 

n 

for (p e Mp{Z). Then ip\z = <p- The question is “does ip £ Mp(R)?” 

However a more general problem is posed if we relax the condition on A and construct ip 
as in Eqn.(Ll) (provided the sum exists) and ask whether ip £ Mp(]R) whenever (p £ Mp{Z). 
In this general setting ip need not be an extension of </>. In particular if supp A is compact, 
then Ip is well defined by Eqn.(l.l) and under some additional conditions Asmar, Berkson, 
and Gillespie answered this question in the affirmative by adapting the duality technique of 
[25]. Their result was further improved by Berkson, Paluszynski, and Guido Weiss in [11] 
using a powerful transference method which is described in the next section. In [29], Jodeit 
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also considered a class of functions A which do not necessarily have compact support. These 
function satisfy ^ iA(( + n.)| < oo (in which case sum in Eqn.(l.l) is defined), and also that 

n 

A = F for some F 6 L'(R) and supp F C [i,|] with £ lF^(n)l < oo , where F* is the 

n 

l-periodic extension of F from [0,1). For the general problem that we will investigate, let us 
define; 

Definition 1.1 A bounded measurable function A on R, is said to be a summability kernel 
for L^(R) multipliers , for I < p < oo, if 

WVa( 0 = - n) (1.2) 

nez 

is defined pomtwise a.e. and belongs to Mp(R) whenever <f € Mp(Z) and llVFfli,A|lMp(R) ^ 
F'p,A||<^IUrp(Z), where is a constant depending only upon p,A. 

For p = 1, it is well known that Mp{G) oi M{G). So the ‘extensions problem’ deals 
with the ‘extension’ of measures from the circle group T to measures on the Real line R (i.e. 
through summability kernel). We have observed the following result which talks about the 
(ixistence of an ‘extended’ rnefisure in a much more general setup. 

Theorem 1.5 Let X and Y be two locally compact Hausdorff space. Suppose 4> : X Y is 
a continuous, open, and onto map. Then if u E. M{Y) there exists p G M{X) such that for 
any f € C{Y) 

[ f o (f>{x)dp{x) = [ fiy)du{y). 

Jx Jy 

Proof: We will prove the result for v € M'^fY), the space of positive regular bounded Borel 
measures on Y. For arbitrary v G M{Y) the result will follow from the Jordan decomposition 
of signed measures [16]. From the regularity and boundedness of G M+(F) it is easy to 
see that there exists a sequence of pairwise disjoint compact subsets of Y such that for 
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any iv-ine;isural>le subset .4 of V' 

OO 

n=l 

Let X G <?■ then there exists a neighbourhood Ux of x such that Ux is compact. Now 

{4){IJx) ■ -t' £ <f> is an open cover for Kn- So, we have a finite subcover {(j){Uxi) ■ i = 

1, ...,rn} for A„. Consider fi (j)~^{Kn). Hence, for each n, En is compact and 

(i>{En) “ En- Now define = {/ o / G C{Kn)} where (j)n = <i>\En- Again it is easy to 
see that Z4 is a dosed linear subspace of C{En)- For each n let us define a bounded linear 
functional 7'„ : -> C by 

Tn{f°(f>n)= f I{y)du{y)= f f{y)dun{y), 

JKn JY 

where = u{A H A'„), for z/-measurable subset A of Y. Let T„ be a Hahn-Banach 

extension of T„ to all of C{En)- Then HTnll = llTn|| = Tn{l) = Tn(l) where 1 is the constant 
function 1. Now we claim that is a positive linear functional for each n. Suppose not 
then there exists / G C{En) such that / > 0 and fnf < 0. For this / define g = ||/||oo ~ /• 
Then 0<g< H/IU- Now 

fng = f;.(||/iu - /) 

= l|/l|oof„(l)-f„(/) 

> ll/|loo|lT„li (asT„f<0) 

> ll5||ooi|T„ll, 

which is a contradiction. Hence by Riesz Representation Theorem [16] there exists a unique 
Hn G M{En) such that 

fnf = [ fdyin V/ € C{En). 

JEn 

f f O (j)n(x)dy,n{of) = j f{y)dl>n{y)- 
JE/fl ^ -^71 


Therefore in particular 
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^ ^ oo oo 

Define ^ = Z Since l|/x„|| = |1T„11 = |li/„||, we have M = IM = E ll^ll = Ikll < 

n=l n=l 

CX3. Then /z G M'^(X). For / G C{Y) we have /o <^{x)dn{x) = Jy f{y)du{y). 

Remark: The above theorem is a generalization of the following result for locally compact 
abelian groups given in [28]. 

Theorem 1.6 Let G be a locally compact abelian group and Go is a closed subgroup of G. 
Then for every positive definite function po on Go there exists a positive definite function p 
on G such that p|go — Po- 

The proof of our theorem follows the same line of argument given in [28] for the above 
theorem. In the case of groups, E^s in the proof are constructed in the same fashion by 
translating a relatively compact neighbourhood of identity. 

1.4 The Transference Method 

This technique was first developed and used by Calderon [15] in 1968 where he proved 
inequalities for the ergodic Hilbert transform by transferring the corresponding inequalities 
for the ordinary Hilbert transform. These results for the Ergodic Hilbert transform were 
earlier proved by Cotlar [17] but his proofs were highly technical and complicated. 

Subsequently Coifman and Weiss [18], [19] further developed Calderon’s technique and 
showed that several operators could be viewed as transferred operators via suitable repre- 
sentations. 

In the late eighties and early nineties this technique was used in the above mentioned 
“extension” problem of multipliers by Asmar, Berkson, Gillespie, Muhly, Paluszynski, Weiss, 
and others in a series of papers [1], [2], [11], [13]. We now describe the transference method 
(see [18] for proofs and further details). 

Let G be an amenable group which means G is a locally compact group satisfying the 
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following property: Given a compact set K G G and e > 0 there exists an open neighbour- 
hood V of identity having finite left (or right ) Haar measure X(V) such that < 1+e, 

where for a measurable subset E, X{E) is its Haar measure. Every locally compact abelian 
group is amenable [28]. Let i? be a uniformly bounded representation of G on LP{M), where 
Ad is a (7- finite measure space. That is 

(i) The map Ruts, strongly continuous 

(ii) Ruv = RuRv G G 

(iii) sup ||i?^,ll = c < oo. 

u^G 

For k G L^iG) define the operator Hk on D{M) as 

Hkf{.) = [ k{u)R^-if{.)du. 

Jg 

This operator Hk is called the transferred operator. It is easy to see that \\Hk\\LP{M) < 
||fc||i||/||Lp(A^)- The general transference result by Coifman and Weiss gives an improvement 
on this inequality. Note that the LX- multiplier norm of convolution by k, Np{k) is less than 

Theorem 1.7 (Theorem 2.4, [18]) The operator Hk is a bounded operator from IX{M) to 
lX{Ai) with an operator norm not exceeding c^Np{k) where Np{k) is the operator norm of 
the convolution operator f k* f on LX{G). 

Guido Weiss, Soria, and Zaloznik [38] gave an alternative proof of the fact that X[o,i) 
is a summability kernel for 1 < p < oo by using the transference technique. They de- 
fined a strongly continuous representation given by {Iiuf)'^{() = for u G T and 

/ G n LX{R). Then for k G T^(T), {Hkf)^{^) = EM^)X[o,i)(^ - n), where Hk is the 
transferred operator on I/{R). The uniform boundedness of {Ru} was achieved by a trans- 
ference argument from /p-boundedness of discrete Hilbert transform. For other summability 
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kernels we do not have such nice representations. However Berkson, Paluszyhski, and Weiss 
[11] introduced transference couples, i.e., two families of strongly continuous operators, one 
of which is used to transfer the operators and the other compensates for the fact that the 
first family is not a representation. More specifically: 

Let (iS, P) = ({iSu}, {T'ji}-) u G G, be a pair of strongly continuous maps of G into the space 
of bounded operators on I/{M) such that 

(i) SuTy = Tuv \/u,v e G 

(ii) sup II II = C5 < oo 
«eG 

(iii) sup ||T„|| = ct < oo. 

u^G 

This pair (S', T) is called a transference couple. The general transference couples result is 

Theorem 1.8 [11] Let (S,T) be a transference couple. The operator Hkf = /g/c(u)Tu-i/(.)du 
for k G L^{G) and f G [/{M) is a bounded operator from IT{M) to I/(A4) with operator 
norm not exceeding csCTNp{k). 

In [11], for A G Mp(lR) with supp A C [0,1), they defined the following transference couple 

({S4, {r.}) 

{Sjno = - n)/(0 

{nfno = - n)m tor f€Pll vm. 

By using the general transference couples result, cited above, they proved that A is a 
summability kernel for 1 < p < oo. Further they showed that the condition supp A C 
[0, 1] can be relaxed to simply that supp A be compact. In the same paper they also 
proved inequalities for maximal operators. This method of transference couples gives the 
corresponding results for Fourier integral once the results for Fourier series are known. As 
an example they derived the Carleson-Hunt theorem for real line, by transferring from the 
circle group. 
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Berkson, Gillespie, and Muhly [13] view multiplier operators on a locally compact group 
as being transferred operators, in the following sense. Let G be a locally compact abelian 
group, (Ai, fj.) be an arbitrary measure space, and suppose R is a strongly continuous uni- 
formly bounded representation of G on I/{M). Then by Stone’s theorem [36] there exists a 
unique countably additive regular spectral measure S{.), defined on the Borel sets of G and 
acting in such that 

^ = J 7(w)d£(7) for all u £ G. 

G 

Let 0 ; G — > C be a bounded Borel measurable function. Define a bounded linear operator 
Te : L\M) — > L^M) by 

Te = y e(7)<i£{7). 

G 

If Tq satisfies a weak-type {p,p) inequality for / € L^nU’{M) then it has a unique extension 
from n JD’(jM) to a linear mapping from Lp{M) to the space of complex valued 
measurable functions on X. If 0 = ^ for some k € L}{G) then 

V/ e LP{M), (1.3) 

where Hk is the transferred operator defined by 

Hkf{-) = j k{u)R^-.f{.)du V/ 6 U{M). 

G 

By considering M = G and the representation R to be Ruf{x) = f{ux) for u,x e G and 
f e LP{G) one can see that if ^ G Mp{G) then % = T^, where is the multiplier operator 
corresponding to (f>. 

The Coifman and Weiss transference theorem generalizes to 
Theorem 1.9 (Theorem 2.1[13]) Suppose fori <p<oo the following conditions hold 

(i) for each ueG, Ru can be extended from L‘^{fJ.) n to a continuous linear mapping 

R!f^ of I/iM) into I/iM), 
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{iij Cp = sup{||i?if^l| : € G} < oo. 

Then u 1-4 is a strongly continuous representation of G on I/(A4) and, for each f E 
Mp{G)r\C{G), the operator J ^d£ extends from L'^{Ai) HU’ {A4) to a bounded linear mapping 

G 

of I/iM) into I/{M) with norm not exceeding (^\\<f>\\Mp{G)- 

Berkson and Gillespie in [14] used the transference technique to transfer any I/{T) multiplier 
to a bounded linear operator on a closed subspace X of D’{M) for 1 < p < 00 , where M 
is an arbitrary measure space. Suppose z is a, strongly continuous representation of 

the circle group T on X. Then in the following theorem this representation is decomposed 
in terms of projection operators. 

Theorem 1.10 (Theorem 1.1 [14]) Let be as above, and suppose 1 < p < 00 . Then 

there is a unique sequence of idempotent operators {Pn}^_oo ^ that 

PnPm = 0 for m^n 

and (the series converges in the strong operator topology ofB{X)) 

00 00 

R.^Y.z^Pr. + Yl^'Pn forzeT. 

n=0 n=l 

This unique sequence {^nl^-oo given by 

PnX = / z~'^RzXdz for X E X, n Elt. 

Ji 

Corresponding to each (f> E Mp{'L), the operator T<j, E B{X) such that 

%= Y. ^{^)Pn 

Each series on the right converges in the strong operator topology ofB{X). Moreover the 
operator norm of 7^ satisfies 

\\%\\ < C^1|0|1mp(Z) 


where c — sup{||J? 2 || : z E T}. 
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By considering A = I/’{R) and P„/ = one gets that X[o,i) ^ summability kernel 

for L^(M) multipliers for 1 < p < oo. In this same paper, for 1 < p < oo, they modified the 
method of Jodeit [29] suitably to extend certain class of functions in Mp(Z) to continuous 
functions belonging to Mp(R). To state their result we need the following definition. 

Definition 1.2 The support ofT^, denoted by supp T^, where is the multiplier transform 
of L^{G) of (p E L°°{G), is the closed subset of G given by 

supp 

where T{(p) is the spectrum of (p as a bounded measurable function on G ([28], (40.2)). 

Theorem 1.11 Let p E L°°(R) and suppose that suppT^ C [|, |] . Then there is a unique 
bounded continuous function pc on R such that pc = p almost everywhere on R. Suppose 
further that 1 < p < oo. Then p E Mp(R) if and only if pc\z E Mp(Z). If this is the case 
then 

I10c|z1|Mp(Z) < 1I0I!mp(R) ^ 2P||<?I)c|z|1mp(z), 

where p* = max(p,p'). 

1.5 Description of Thesis 

Recall the definition of a summability kernel 

Definition 1.3 A bounded measurable function A on R is said to be a summability kernel 
for IJ‘{R) multipliers , for 1 < p < oo, if 

(1.4) 

nez 

is defined pointwise a.e. and belongs to Mp{R) whenever p E Mp{Z) and |lkl^(/),A||jWp(R) ^ 
C'p,a||0||mp(z) where Cp^A is a constant depending only upon p, A. 
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Let us denote Sp{R) to be the set of all summability kernels for Lp{R) multipliers. It 
is natural to study the structure of this space 5p(R). In [12] Berkson, Paluszyhski, and 
Weiss used wavelets to prove that the space is dense in Mp{R) in the weak* topology. It 
still remains to characterize the space Sp{R). In Chapter 2, we study summability kernels 
for LP{R) multipliers. We first characterize summability kernels for L^{R) and L‘^{R) multi- 
pliers. As mentioned earlier, all previous classes of summability kernels either have compact 
support or are Fourier transforms of a compactly supported integrable functions. In §2 we 
prove fairly general results which make precise the reasons why summability kernels allow 
the transference of multipliers from T to R. In §3 we restrict ourselves to p = 1. In this 
section we give various types of summability kernels which transfer discrete measures, con- 
tinuous measures, absolutely continuous measures (with respect to Lebesgue measure) on T 
to measures on R with the same property. 

In Chapter 3 we study a somewhat different kind of extension. Instead of assuming (j) to 
be a multiplier we assume (j) to be an arbitrary sequence in lp{Z). In §2 of this chapter we 
show that “If S G V-{R) and supp -S' C [j, |] with < oo then for (j) € lp> we have 


£ M,(R) for 


^ 5 ^ [ 3 ^ 2 ’ ft] ifl <P< 2 

9 € [ft, ft] if2<p<oo. 


For p = 2 from the standard result one gets g 6 Mg{R) for 

1 < q < 00 . Further we prove that if 0 G ip(Z) and S G U’{R) then ^ G Mq{R) for 
1 < q < 00 . In §3 we have proved a maximal counterpart of our result. 

Before describing the contents of Chapter 4 we need some notation and concepts. 

L^,q) Spaces: Let {M,p) be a a-finite measure space. 


Definition 1.4 [39] The distribution function A/ of a function f on M is defined as 


Xf{t) = p{xeM:\f{x)\>t} (t>0) 
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For / € LP(M) it is easy to see that t^Afit) < \\f\\P for t > 0 and in fact \\f\\P = 
pJ-tP-%(t)dt. 

Definition 1.5 Suppose f is a measurable function on A4. The decreasing rearrangement 
of f is the function f* defined on [0, oo) by 

f*{t) = inf{s : Xf{s) <t, t> 0)} 

It is not hard to see that if / € LP{M.) then ||/1|^ = f*{t)Pdt. 

For 1 < p, g < oo we define the space as the space of all measurable functions / 

satisfying 

ll/llpq = (? I <p<oo,l<q<oo 

and 

ll/ll* = suptpf*{t) < oo when 1 < p < oo. 

t>0 

Clearly = I/. For l<p<oo, l<g<oo, is a Banach space with the following 
norm 

ll/IU = (; f 

P Jo ^ 

where m{t) = \ f*{u)du. 1| H*, is not a norm, for 1 < p < oo, but the following inequalities 
hold. 

Theorem 1.12 If f £ 1 < p < oo then 

ii/ii;, < 11 /iIp, < 


Definition 1.6 Let G be a locally compact abelian group with Haar measure p. An operator 
T on LP{G) is said to be of weak-type (p,p) if 

AT/(i) < (jII/IIp)' (1-5) 


for t > 0 and for all f G U{G). 



Introduction 


18 


In Chapter 4 we study the translation invariant operators on 17 (R) which are not necessarily 
bounded on for 1 < p < co but satisfy weak (p,p) inequalities. Asmar, Berkson and 
Gillespie [8] proved that for each such operator there exists a ^ G L°°{G) such that {Tf)^ = 
(j)/ for / e n L^{G). The functions ^ associated to these weak type translation invariant 
operators are called weak type {p,p) multipliers. So it is natural to establish an appropriate 
parallel between Fourier multipliers (which can be called strong type multipliers) and weak 
type multipliers. Thus we can ask same questions pertaining to extensions and restrictions 
of weak type multipliers between R and T. Though in this thesis we are concentrating only 
on the problem of extensions, we felt the need of making a survey of the restriction problem 
for weak type multipliers for the sake of perspective. This is the content of the first two 
sections of this chapter. Major contributions in this area are the work of Asmar, Berkson, 
and Gillespie [8], [3], [4], [6], [7], [9]. 

In the next four sections of this chapter we study the extension problems concerning 
weak type multipliers. The extension by A = max(l — |a:|,0) and A = 5 where S G T^(R) 
and supp S C [|, |] with^^ |(5'’^)^(n)l < oo (originally proved for strong type multipliers 
by Jodeit [29]) has been proved for weak type multipliers by Asmar, Berkson, and Gillespie. 
We will prove the weak type counterpart of Berkson, Paluszyhski, and Weiss’s result [11] 
i.e. “if A G Mp (R) for 1 < p < oo and supp A C [i, |] then A is a weak type summability 
kernel. In §5 we relax the condition that supp A C [5, |] . In §6 as an application of this 
result we prove a weak type analogue of de Leeuw’s extension theorem [39]. 



Chapter 2 


Summability Kernels For IP 
Multipliers 


2.1 Introduction 


In this chapter we study summability kernels which transfer IP{T) multipliers to i/(R) 
multipliers. For results regarding summability kernels we refer to [29], [1], [11], and [25]. 
Let us consider the following set: 

5p(R) = {A 6 L°°(R) : For each finitely supported 0 G Afp(Z), the function 
LF()>,a( 0 = X] — n) belongs to Mp{R) and there exists a 

n6Z 

constant Cp,^ such that llW^llwpCR) ^ C'p,a||<?^IImp(z)}- 
Lemma 2.1 (i) For 1 <p < oo, let Ae 5p(R). If for (f € Mp(Z), the series 

^,^(n)A(e-n) = W^,A(e) 

n£Z 

converges a.e., then G Mp(IR). 

(ii) Ifp = 1, A G 5?(E) and 5 a = sup X) |A(^ + n)| < oo then W^,a G Mi{R) for every 

^ tiG2 

0GMi(Z). 
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Proof; 

(i) For a.e. we have 

N 

= Jim = Jim 

-N 

I (f){n) if Ini < N 
where <^Ar(n) = < 

I 0 otherwise. 

Since 1 < p < oo, G Mp{’L), and ||0jv|1mp(Z) ^ C'p||(; 6 |ljv^p( 2 ), where Cp is a constant 
independent of N. This follows from F & M.Riesz theorem [23]. Since A € 5°(R) we 
have 

All Mp(t) ^ Cp,a\\^n\\Mp{Z) 

< CpCp^A\\(f>\\Mp{zy 

Hence -> VF/,,a( 0 pointwise a.e. and boundedly , so W^,a £ Mp{R). 

(ii) For p = 1, the additional condition guarantees the convergence of <f>{n)A{^ — n ) 

n€Z 

for every ^ G Mi(Z). If is the A^th Fejer kernel, let <pN = Then again 

W^0jv,a(O ^4>,a{0 pointwise a.e. and boundedly. 

This lemma suggests the following definition : 

Definition 2.1 Let Sp{R) = {A G L°°{R) : For every 0 G Mp{Z), the series Y2 ~ 

nez 

converges a.e. to a function W<f,^A ^ Mp{R) and there exists a constant Cp^A such that 

II^MllAfp(R) — C'p,Al|^||Afp(Z)}- 

5p(R) is said to be the set of summability kernels. 

Clearly Sp{R) C S'p(R). In §2 of this chapter we characterize the space ^“(E) for p = 1 and 
for p = 2. As mentioned in the introduction, Jodeit in his paper [29], proved the following 
results regarding summability kernels. 
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(a) The indicator function X[o,i), of the interval [0, 1), belongs to Sp(R) for 1 < p < cx) 

(b) The function A(0 = max (1 - |^|,0) belongs to S'p(R) for 1 < p < oo. 

(c) If S' € L^(R) is such that suppS C [|,|] and if the 1-periodic extension of S has 
absolutely summable Fourier series, then S e Sp(R) for 1 < p < oo. 

In 1971, Figa-Talamanca and Gaudry [25] proved that if A is the triangular function 
as defined in (b) then A^ is also a summability kernel. They used the duality relation 
Ap{Ry 0:^ Mp(K). By introducing the concept of transference couples Berkson, Paluszynski 
and Weiss in [11] proved that if A € Mp{R) and has compact support then A is a summability 
kernel. Following the methods of Figa-Talamanca and Gaudry, Asmar, Berkson, and Gille- 
spie in [1] gave a large class of summability kernels, namely the class T = {J E L^{R) : 
J is continuous, J has compact support, J is absolutely continuous,/ € L^(R)}. It turns 
out that if J e /, then both J and J are summability kernels. In §2 we prove fairly general 
results which make precise the reasons why summability kernels allow the transference of 
multipliers from T to E. In all previously known classes, either the summability kernel A 
has compact support or A = / for some / E L^{R) with compact support. Theorem 1.1 
provides classes of summability kernels which do not satisfy either of these two conditions. 
However, we are unable to give a complete characterization. 

In §3 we restrict ourselves to the case p = 1. We investigate some properties of measures 
which are stable under transference by summability kernels, such as the properties of being 
discrete, continuous or absolutely continuous. 

2.2 Summability Kernels for i7(IR), 1 <p < oo 

For a function A e L~(R) denote 5a = ess sup X) • In ^Iie following proposition 

e n€Z 

we characterize Sp{R), for p = 1 and p = 2. 
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Proposition 2.1 fij = S 2 = {A € L°°(R) : Sa < 00 }. 

fiij 5° = {A e : A = F with Sp < 00 }. 

Proof: 


(i) Let A e L°°{R) and suppose < 00 . Then clearly A e 52 (R). Let A 6 5^(R). 
Consider any finite sequence {^(n)} such that \(j>{n)\ = 1 for all n. Then (j) € M 2 (Z) 
and 1|<?!>|1 m 2(Z) "= 1- We may assume that A is defined everywhere. For ^0 € K, let 
0^0 (^) = sgn A(^o - n). Then |1 </>^oI1m 2(Z) = 1 and we have 

5^1A(^o-n)l = sup J]) |A(^o-^)| 

n€Z ^ H<iV 

= sup V <^^o(n)A (^0 - n) 

AT 

|n|<iV 

< supll V </),(n)A(. -n)l|oo 

< ^2,a|1A11a/j(]r) <00 (as A € 52(R)). 


So 6a < 00 . This implies that A e 52(R). We already know that 52(R) C ^“(R). 
Hence 52(R) = 5^(R). 


(ii) Let A = F, where F € L^(R) and Sp < 00 . For a finite sequence {(l>{n)} let P{x) = 
Then 




- n) 

n 

E0(n)F«-n) 

neZ 




g2,rixng-2,ri*e^^ 


j F{x)P*{x)e-^^^^^dx, 

R 
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where is the 1-periodic extension of P. So, 

W'^.aK) = {FP*nO- (2.1) 

We have FP* e i‘(R) ss P* e L“(R). Thus 

n 

< <^Fli-P||Li(T) = 5F||9i>||Mi(Z)- 

Hence A e 5?(R). 

Conversely, suppose A G S'i(R). Then taking (j){n) = 5^,0 we have A G Mi(R) = 
So A = p for some p G M(R). For a finite sequence {<t>{n)} and P as above 

we have 

n 

= E - ^) 

nei 

= T]Hn) f 

n 

R ^ 

= j e-^^^^^P*{x)dp{x) 

R 

where P*p denotes the measure given by d{P"^p){x) = P'^{x)dp{x) . Then 

||f’*y^||iw(R) = II^mIImi(r) ^ C'iaII^^IUi(z) = C'i,aII-P|Uht)- 

For A: G Z let pk = r-k{F\lk,k+i)), i-©-, Pk is a measure supported on [0,1). Then 
WPlikllMii) < ll-P^/illMCR) < C'i,a||P|Ui{t)- Since trigonometric polynomials are dense 
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in C[0, 1), for every continuous function / on [0, 1), we have \\fiJ,k\\M{T) < Ci,a||/||lht)- 
Let 771 denote the Lebesgue measure on T, and let E be a Lebesgue measurable set 
with m{E) = 0. Then for a given e > 0 consider a continuous function / 0 on T 

such that f{x) = 1 on E and l|/||i < e. Then Pk{E) < e. So pk « This is true 
for every k, hence p is absolutely continuous with respect to the Lebesgue measure on 
R. So there exists F € jL^(R) such that dp = Fdx, so that A = F. Now 

\m 

aIImi(E) ~ |-P(i)|F(i + *)|di 

= f \P{x)\\F\*{x)dz. 

Jo 

As A G ^“(R), we have 

/" |PWIiF|*Wctr < 

Jo 

= C,.aI|P||i1|A|Im.(r) (as d(n) = P(n)). 

Therefore \F\* defines a continuous linear functional on T^(T), so by duality \F\* € 
L°°(T), and ||1F1 #|Uoo(t) = 5f <oo. 

Remarks: The two conditions appearing in Proposition 2.1 for p = 1 and for p = 2 seem 
to be very different. We will analyse these further to obtain a more unified formulation. 

1. Let p = 2. The condition on A, namely <5 a < oo is equivalent to saying that for a.e. ^ G R, 
the sequences {A(^ + n)}„ez £ hC^)- In other words, these sequences define, by convolution, 
multiplier operators on Zi(Z). Now if A = F where F is a tempered distribution (note that 
if (5 a < oo, A G F^(R), so F can be defined as a function), then {F*)'^{n) = A(^ + n) a.e. 
^ G R, where F^ = Hence the condition 5a < oo can be reformulated as 

(a 2 ) for a.e. ^ e R, Fc G Mi(T) with (essentially) uniformly bounded operator norms. 


(bs) for a.e. x. A* G L°°(T) = M 2 (T), where A^ = 
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Let the notation be as in Remark 1. 

2. Let p = 1. Now the condition 5^ < oo is equivalent to saying that for a.e. x e R, the 
sequences {F(x + n)}„g 2 define, by convolution, operators on or in other words, we 
have 

(bi) Af e Mi(T) ( where {F{x + .))^ = A*). 

Further 5f < oo implies that 
(ai) F* e = M 2 (T). 

From (b 2 ) and (bi) above we get a condition which we will show is necessary for A to be a 
summability kernel for U’{R) multipliers. For this, we need to define the following. 

Let Tp = {Ae : for a.e. a: € [0, 1), A* e Mp(T) with 1 |A#||m,(t) e L°°[0, 1)}. 

Proposition 2.2 Sp{R) Q for 1 < p < 2. 

Proof: Let A G 5p(R), then A^ G S'p(M). In fact 

n 

= - n) . 

n 

Since (/>a;(n) = belongs to Mp{Z) whenever (j) G Mp{Z) with equal norm, we have 

^<l>,Ax ^ Mp{R) and 

II^MxIImp(R) ~ 1I^0x.aIImp(e) 

< C'p,a||(/!>11mp(z)- 

Now take 4>{n) = 1. Then FFi,a^(0 = ^ - n) belongs to Mp(ll) and is 1- 

n 

periodic. Thus by de Leeuw’s result [21], RA^Ax € Mp(T) and 1 |IFi,Ax11mp(T) < C'p.a for all x G 
[0,1). Therefore |l(e"”" A)#llM^(T) € L°°[0,1). 
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In [1], Asmar, Berkson, and Gillespie introduced the class IF (mentioned earlier in this 
thesis). By suitably refining their proof (Theorem III. 4 [1]), we have the following theorem, 
which improves on their result. For the sake of completeness we give here a detailed sketch 
of the proof of our theorem. 

Theorem 2.1 (i) If Ai, A2 EFpF A(R) then A = A 1 A 2 G 5°(R). 

(a) If, in addition, either 5 ^^ < 00 or 5 a^ < 00 then A G 5p(R). 

Sketch of the Proof: Let Fj = Aj where Fj G I/^(R) for j = 1,2. Define the map U on 
Ap(R) as follows: 

For hi, /i2 G <S(R), where <S(R) denotes the space of Schwartz class functions, 


U{hi * h2){x) — ^^F{x + n)hi * h2{x + n) for a.e. x G [0, 1) 

n 


where F = Fi * F 2 . We will show that \\U{hi * fi 2 )IUp(T) < C'||hi|lp|lh 2 ||p', where C is a 
constant depending on Fi and F 2 and ^ ^ = 1. By standard approximation one can then 

show that for / G I/(R) and g G I/' {R), ||f^(/*5)IUp(T) < C'||/||p||p||p'. Now we extend U to 
whole of Ap(R) in the following way. Let h G Ap(R) with h= Ylfn* 9n, where /„ G IF{R) 


N 

and Qn G 27' (R) for all n. Define fn * 9n- Then by the above inequality {Uh^} 

n=l 

is Cauchy in Ap(T). Let Uh[^ converges to H in Ap(T) as N tends to infinity. We define 


Uh = H. 


For t G R define : 'T ->• C and : T -4- C for a.e. x G [0, 1) by 


$t(a:) = '^Fi{x + t + n)hi{x + n) 

n 

and 

'^tix) = ^ F2{x + t + n)h2{x + n). 

n 

Now consider the representation 22 of Z acting on 27(R) by n 1 — > 22„ defined by Iinf{x) = 
f{x-n). {Fi{x + n)}nez belongs to li{Z) for almost every x. Hence the transferred operator 
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corresponding to this sequence and the representation R, defined by 

(x + n)h{t — n) 

n 


for a.e x G [0,1), is a bounded linear operator on L^(R) and the norm is bounded by 
C'piVp(FiJ. Now 




+ 1 + n)hi{x + n) l^dxdt 

n 

+ n)hi{x — t + n)\^dtdx. 

n 


Thus, 

f -^P [ 11^* llMp(T)||fillUp(K)Cl2:. 

J M. J T 

Similarly, 

[ ll^tllLP(T)^^ [ \\^tx\\Mp{T)\\h2\\LPiR)dx. 

As in [1], it is easy to see that U{hi * h 2 ){x) = /jj * '^t{x)dx for a.e. x e T. So, 


( 2 . 2 ) 


(2.3) 


\\U{hi * fi2|Up(T) < C'p,Ai,A2ll^lllpll^2||p'- (2.4) 

For {4>{n)} a finitely supported sequence, let P(x) = As G Mp(R), we 

n 

have 

* ^2) = * ^2(0), 

where Kw^ a linear functional on Ap(R) corresponding to W’^,a G Mp(R). Also W^,a = 
(P#i?)A (by Eq. 2.1 ). Thus 


Kw,,Ahi*h2) = P*F*h*h2{0) 

= j P*F{x)hi*h 2 {~x)d. 


= f P{x)Y^F{x -\-n)hi* h 2 {x + n)dx, 
Jo nez 
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where f{x) = f{-x). If is the linear functional on Ap(T) corresponding to (f> £ Mp(Z), 
then for F = J2fn* 9n in Ap(T), we have 

71^2/ 


tl£X 

= Y^P*!n*9n{0) 

neZ 


D / P{^)fn* 9n{-x)dx 

neZJo 

f P{x)F{x)dx. 


Therefore * / 12 ) = K^{U{hx * / 12 )). Hence, 


* h2)\ < ll01|Mp(Z)||f^(/il * /l2)|Up(T) 

^ ‘^P,Ai,A2||^IIMp(Z)- 

So A e 5°(M). Now if either 5^, or 5a^ is finite then 6a < 00 . Then by Lemma 2.1, 
A G 5p(R). 

Corollary 2.1 If A = then A e 5p(]R). 

Proof: A = Let us denote Ai = and Fi(a;) = Ai(a;) = 

Therefore 


||Af^|lMp(T) < ||Fl(z + .)||,,(2) 

_ ^g-27r2(i+n)2 

n€Z 



So, sup||AfjlMp (TT) < 00 . Hence A € S'p(E). 

X 

From the above corollary it is clear that there is a large class of summability kernels which 
do not have compact support nor are Fourier transforms of compactly supported integrable 
functions. We can also generate such summability kernels, for 1 < p < 00 , by using Steckin’s 
theorem [23] . 
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Theorem 2.2 (Steckin) Let il) be a function of bounded variation on R and 1 < p < oo. 
Then (f G Mp(R) and there exists a constant Cp such that 

ll^lUpCi) < Cp max {\i){0)\,var^), 
where var ip is the total variation of ip. 

Let A G A'fp(R) and = X[fc.fc+i)A. Then We also have At G 5'p(R) 

fc 

[11], and ||kT0,AfcllMp(R) < C\\(j)\\i^^(^z)\\Kk\\Mp{u)- If Z) ||Aib||Afp(R) < ^ Mp{R). So 

if we choose A such that l|Afc||^^^,l^ = varAk and Z varAk < oo. Then by Steckin’s theorem 

k 

we have A G 5p(R). In particular, we have the following proposition. We give the proof in 
detail for the sake of completeness. 

Proposition 2.3 Suppose A G I/°°(R) is a differentiable function satisfying 

(0 1-^(0 1 (i+|^|)i+i 

(n) 1A'(^)| < for some constant C and 6 > 0. 

Then if <p ^ Mp{If), the function W',/,,a(0 = Z *-5 defined and belongs to Mp(R) 

for 1 < p < oo and there exists a constant Cp^A such that 

II W)!'.aI 1 mp(E) — C'paJI^^II'M'pIZ)- 

Proof: Condition (ii) implies that A is a function of bounded variation, hence A G Mp(R) for 
1 < p < oo. For each k eZ, and 1 < p < oo, A*, G Mp(R). But supp A*, C [A;, A: + 1) , hence 
Afc is a summability kernel [11], and so ^ A/p(R) whenever (p G Mp(Z). Moreover, 

ti^Ij 

tiG2 

= (/>(n)xo(--n)r_fcA(. -n))(0- 
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Hence, 




~ 11^0.XoT_jtA|lMp(R) 

^ C'p1I</^11mp(Z)|| XoV-fcA||^^(^^ 
= Cp,A\mMp[Z)\\ AfellMp(R)- 


But from (i) and (ii) we have 


var Afc < 

and so using Steckin’s theorem we have 


C 

(l + |A:|)i+^ 


IIW'aaIU.m < E Ajl«.m 

< C'p,a||<?I)|1mp(Z) X^11Aa:|Up(]r) 

k 

< Gp , A,S |1(^||mp(Z)- 


ikl [11]) 


2.3 Continuous, Absolutely continuous, and discrete 
measures 

For the case p = I, Mi (R) and Mi (Z) are identified with M (R) and M (T) respectively. So 
if 0 G Mi(Z) then <^ = i> for some i/ € M(T), and if A is a summability kernel we have 
E Mi(R). Thus Wtjt^A = P for some p, E M(R). Here we study some properties of 
measures which are carried over from u to p. For this we need to define the following set: 
oS = {A E 5?(R) : 5 a < oo}. 

Theorem 2.3 Let A E To, v E M(T) and define p{^) — lF'i>,A(0 = - n), (here 

n 

p E M{R)). 

(a) If V is an absolutely continuous measure on T, then p is an absolutely continuous 
measure on R (both with respect to the Lebesgue measure). 
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(b) If u is a discrete measure, then either p, = 0 or p, is a discrete measure. 

Proof: 

(a) First assume that dv{x) = P{x)dx, where P is a trigonometric polynomial. Then 

m) = 5]P(n)A({-n) 

n 

= Y,P{n) 9 ) ''({), 

n 

where A = g, g G L^{R). Let 

= E An) = P*(x)g(x), (2,5) 

n 

where P* is the periodic extension of P. Since P* is a bounded function, h e P^(E) 
and h = p, so 

ll^lki(K) = IIA11 mi{iI) ^ = C'i,a||P||li(t)- (2.6) 

Now if is an absolutely continuous measure on T, let i> = P for F G L’^(T). There 
exists a sequence {Pn} of trigonometric polynomials such that P^r —> P in L^(T). For 
each Pat define as in Eqn. (2.5). Then from Eqn. (2.6) 

\\hN - fiMiUqR) < C'i.aIIPw - PmIIli(t)- 

Let h^ —t’ h in L^(R). Now 

n 

< IIPat - P||li{r) ^a- 
So, h = p. Hence, dp{x) = h{x)dx. 

(b) Let 1/ = 2) be a discrete measure on T, Xj € T and lojl < oo. If A = 5 , with 

j=i ^ 3 

g e P^(M), (without loss of generality we may assume g is continuous since A G LH®)) 


and g{x) = g{—x), then 
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A(0 = ^ i>(n)A(^-n) 

n 

= E S)^ (n) 

j nez 

= E “>E «fe+“)- 

j nGZ 

The last but one equality follows by Poisson summation formula, since A G 5?(M) will imply 
S |p( 2 : + n)| < oo and A G J^o will imply ^ + n)| < oo. Now it is clear that 

n neZ 

^ ^ X! S ^jK^j + ^xj+n- 

nGZ j 

Hence p is either the zero measure or is discrete. 

To consider similar results for continuous measures, we need some additional conditions 
on the summability kernel, and this is the content of the following two results, both of which 
use Wiener’s lemma. 

Lemma 2.2 (Wiener’s Lemma, [30]) Let p e M{R). Then 

(i) »'({!/}) = ^ 

(ii) E 1m({i})P = ito i /-A 

In particular, a necessary and sufficient condition for p to be continuous measure is that 


Theorem 2.4 Let A G 5'i(R), and suppose that supp A is compact. Then ifv is a continuous 


measure, so is p. 
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Proof: By Wiener’s Lemma 


i^{y} 


= ^ E^(") r AK - «) <i« 

neZ 


where 

Ixiy) = j ^ A(e-n) de. 

Let supp A C [-N, N]. Then for each A > 0, if |n| > iV + A, clearly 7” (2/) 
Now let A > 2N. 

Case 1 Suppose |n| < A - N, then 


/ A+n 
•A+n 


A(^) 

A+n 
= k{-y) 




since [-N, N] C [-A + n, A + n]. 
Case 2 A - iV < |n| < A + N'. Then 


So, in both the cases 


Hence, for X> 2N 


my)= t A(e-n)e2-«^de. 

J —N-\-n 

K(!')I < l|A|li.(*)- 


1 


= >m A I E «•(") ^"fe) + E 

|n|<A-Ar N+\>\n\>X-N 


|71|<(J-»1 






i^+A>|n|>A-JV 
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The second limit is zero since the terms are bounded and the number of terms is at most 
2iV. Applying Wiener’s lemma for the continuous measure on T for the first limit we have 

mIv} ~ '^{yo}A(— y) = 0 where yo € [0, 1) s.t. y = yo + Stt/ for some I G Z. 

The hypothesis that supp A be compact may be too restrictive. It can be replaced by 
the existence of a suitable decreasing radial - majorant Ai, i. e., a function Ai satisfying 

(a) Ai is decreasing and radial 

(b) Ai G T'W 

(c) |A(OI < \Aii\m- 

Theorem 2.5 Suppose A G F-q and that A has a decreasing radial L} - majorant Ai. Then 
p is a continuous measure if v is. 


Proof: Once again, we use Wiener’s lemma. 
Let 


/> 


]_ 

2A 

jl^ rX 


l53i>(n)AK-n)P<i? 


1 1 —A 


+ A E H’*)!’/ 

ln|>2A 

= 5a(/i +/ 2 ), say. 


-n)l di 
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Now, 


|ti|>2A 

(l] Ax(|A-n|)+ A^(|A-n|) 

\n>2A n<-2X 


< 


0 9.S A — y CXDj 


since sup^ |Ai(^ + n)| < co and Ax is decreasing. Hence, using Wiener’s lemma for T we 

^ n 

get 


lim Ix 

X—^oo 


< 




Y1 

|n|<[2A] 


= 0 . 


lim 

A — >'0O 


|nl<[2A] 


Concluding Remarks: 

1. We do not know whether S'p(R) = 5p(R), except when p = 2. For 1 < < 2 in view of 

Proposition 2.1 we need suitable strong operator inequalities to prove that if A G 5°, 
then for all ^ G Mp(Z), the series ^^(n)A(^ — n) converges a.e. 

nGZ 

2. In our attempt to give a characterization of 5p(R) and ^^(R), we have found a necessary 

condition (Proposition 2.2). The remarks preceeding Proposition 2.2, in fact also 
suggest another condition which generalizes (ai) and (a 2 ). That this is also necessary 
remains a conjecture. 



Chapter 3 


Extensions Of Sequences To LP 


Multipliers 

3.1 Introduction 

In this chapter we study a different kind of extension. In the earlier chapter and in the 
existing literature the emphasis has been on the extensions of Z/(T)-multipliers to 
multipliers. Here we will show that for some values of p and q, every sequence in lp(Z) can 
be extended to an L^(R) multiplier by means of suitable summability kernels. The idea of 
our extension comes from the following result of Jodiet [29]. 

Theorem 3.1 Let S G L^{R), supp S C [f, |] and suppose its 1-periodic extension S* from 
[0, 1) has an absolutely summable Fourier series. Then 

is in Mp{R) whenever 4> € Mp{Z) and its norm is bounded by CpT||(/)||Mp{z), where r = 
X) l(S'’^)^(n)| and Cp is a constant which depends only on p. 


36 
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It is natural to ask what happens if we assume (S#)^ e lp(Z} for 1< p < oo. In this case, 
it follows from Lemma 3.1 in §3.2 and Holder’s inequality that the above sum converges for 
every sequence e ^(Z) where i + i = i, and defines a function in L~(R). 

Theorem 3.2 Let S e L^R), supp S C [i, |] and £ |(5#)^(n)|P < oo /or 1 < p < oo. 

n 

Define = E - n) for e lp'{Z). Then 


e M,(R) for 


5 ^ */ 1 < P < 2 

5 ^ 2 <p < oo. 


For p = 2, e Mg{R) for I < q < oo. Moreover, 


ll^«i,slU,(K) < C'Tpll^llp, 

where Tp = (E o-'^-d C is a constant which depends only onp. 

n 

By putting a further restriction on S we will get g G Mq{R) for 1 < g < oo whenever 
0 G lp{Z), for 1 < p < 2. In §3.3 we prove a maximal inequality. 


3.2 The Main Theorem and Related Results 

For the proof of Theorem 3.2, we first prove a lemma. 

Lemma 3.1 Let S G L^{R), supp S C [1, |] and E < oo /or 1 < p < oo. Then 

n 

supE 1*5(6 + < oo- 

i n 

Moreover for p = 1, YlS{^ + n) = C for all 6 ^ where C is a constant. 

n& 

Proof: Let p G C'c°°(R) be such that p[x) = 1 on [|, |] , supp p C [1, 7] and |p(a;)| < 1 Va; G 
R. For 6 e [0, 1], define h^{x) = e-2’^*^^p(a:). Then h^ G Cfi°{R) and 
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Hence 


My)\ = 


< 


(2/)l 

y ^ 0 ) 

!!^<_^ 

iSTryP - |?/|2’ 


where the constant C is independent of So in particular |^|(n)l < § forn 7 ^ 0 . Now 
define g^{x) = h^{x)S{x). Then supp C [i, |] and 


gfin) = gdn) = r = 5(e + n), 

A 

where gf is the 1 -periodic extension of^^ given by Ylg^{x-\-n). Also gf{n) = hf*{S*)^(n). 

n£Z ^ 

Since G h{’^) (5^)^ G it follows that G ip(Z) for 1 < p < oo, and 


E |S(f + n)l' = E Ish")!' ^ ll'>f < C||(S#niJ, 

n n 

where the constant C does not depend upon So, sup ^ |,S(^ + < oo. 

?e[o,i] n 

For p = 1 , by the Fourier inversion, we may assume that S is continuous. Now for a fixed 
X define pi = Then g^ is continuous and supp g^ C [|, |] . Also gf{n) = S{x + n), 

where gf is the 1 -periodic extension of g^ from [0,1). Therefore gf{t) = Y^S{x + 

'fi£% 

for t G [0, 1 ). As both sides of this equality are continuous functions they will agree at 0 . 
So, pf(0) = YlS{x-{-n) or S'(O) = ^5(a; + «). 

n€Z neZ 

We will also need the following convolution result to prove our theorem. 

Theorem 3.3 Suppose G is a locally compact abelian group. Let 1 < r < 2. Then 
* U' (G) C Mp(G), where 5 ^ < P < ^ anol i + ^ = 1. 

The above result is given in [31, page 126]. The main ingredient of the proof is the use of a 
Multilinear Riesz-Thorin Interpolation theorem. For completeness we give the details of the 
proof. 
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Let S{G) denote the set of Haar integrable simple functions on G. If </>, f e S{G), 
we will estimate the norm of the translation invariant operator acting on D’{G) by 
(T^*V-/)''(7) = (t> * ^(7)/(7) V/ e <S(G). If ^ € S{G), then {T^.^f,g) = U{4>,'iP, f, g) = 
fc <l>*'^{'y)fil)9{l)d'y- First note that Holder’s inequality and Plancherel theorem will imply 

f , 9)\ < \\^*‘^\\L'=°{G)\\f\\L‘^(G)\\9\\L^{G) 

^ ll'^llnHG)ll''^llL~(G)ll/IU2(G)||^lli:,2(G). 

Also by Parseval formula and Plancherel theorem we have 

\U{4>,i’,f,g)\ = [ ^{x)7p{x)J *g{x)dx 

Jg 

^ il<?^llL2(G)llV’llL2(G)ll/|l(iHG)llfflU“(G)- 

These two inequalities say that U extends to a bounded multilinear operator from 

L\G) X L°°{G) X l2(G) X L‘^{G) C 

and from 

L‘^{G) X L\G) X L\G) x L°°{G) -4 C. 

Hence from the Multilinear Riesz-Thorin Interpolation theorem we get 

\U{(f>,'tp, f, g)\ < ||</'||r||^l|r'||/||p|b||p' 

where i = (1 — t).l + ^ ^ + ^-1, and 0 < t < 1. Hence, L^iG) * U [G) C Mp{G), 

for p = 3 ^ and 1 < r < 2. Furthermore, it is well known that, for 1 < p < 2, Mp(G) 
Mp>{G). So, if m € Mp{G) and Tm is the multiplier operator corresponding to m then by 
Riesz-Thorin convexity theorem, Tm ■ L'{G) -7 T®(G), is a bounded linear operator with 
\\Tm\\s < II^11m,“g)1I"'IIm,,(G) whenever i = + ^, where 0 < a < 1- Notice that if 

p < $ < p' then there exist a G (0, 1) such that j ^ + p. Thus, we have (j)*'ij} G. Mg{G), 
where ^<q<^. 
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Remark: For r = 2, L'^ * L‘^{G) C Mp(G), Vp € [l,oo). 

Finally we will also need the following theorem due to Berkson and GiUespie (see Theo- 
rem 1.10). 

Theorem 3.4 [14] Let (j) € L°°(E) and suppose that supp C [\, |]. Then there is a unique 
bounded continuous function (fc on R such that (f)c = (j> a. e. on R. Suppose 1 <p <oo, then 
(f e Mp{R) if and only if ^c\z ^ Mp(Z). If this is the case then 

il0clz|Up(Z) < l|4i>|lMp(lR) ^ 2?^1|4 |z1|mp(z), 

where p* = max(p,p'). 

Proof of Theorem 3.2: Let 0 < r < 1 and assume 1 < p < 2. Define A:r(rr) = 
Yf for x e [0, 1). Then kr e L^(T) and kr{n) = Thus kr G /i(Z) and 

n6Z 

ll^rilp' ^ ll'/’llp'- 

Define Fr{x) = kr{x)S{x) for x G [0,1). Clearly Fr G L’-(R) and supp Fr C [ 1 , |] and 
FriO = E<^(w)‘5(e-n)rW. ThenFp|z(0 = K * {S*)"' {1) ■ So by Theorem 3.3, F^lz G M,(Z) 

n 

for q G [3^, ^1 with ||Fr|z|lM,(z) < CpUWfTp. Hence, by Theorem 3.4, Fr G Mg{R) for 
^ ^ [ 3 ^’ 

ll^r|lM,(R)<^P^pll^ll.'- (3-2) 

Again from Lemma 3.1 and dominated convergence theorem we have Fr{() -> a.e. as 

r — > 1. Therefore from Eqn. (3.2), we have W^§ G Mg{R) and 111 ^,^,511^5(11) — 
q G [^, ^]. Similarly for 2 < p < 00 , by the same argument we get 

e Mg{t) 


for qe[^,^] and 


llll^.sIliWqCR) — ^pA’H'^IIp'- 
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This completes the proof of the theorem. 

We will now relax the hypothesis that supp S C [i,|] to allow S to have arbitrary 
compact support by imposing a certain extra condition on S. Suppose supp S C [-N, N] and 
E ^ ^ ^ 10> !)■ Define Sn{x) = S{iNx - 2n). Then supp Sn Q [i fl . 

nCZ ^ 

Also from the condition on S we have E < oo. Thus if 0 e lp,{Z) from Theorem 3.2 

nGZ 

we have 5,v ^ for the values of q mentioned in the statement of the theorem. This 

along with Lemma 4.6 of Chapter 4 says that W^§ £ Mg{R). So in particular 

Corollary 3.1 Let S € C'c(R) and 1 < p < 2. Then for cf) € Ij/, e Mgfk) for 

life. 

By putting additional restrictions on (j) we have the following (note that lp{Z) C /p'(Z)): 

Proposition 3.1 Let 1 < p < 2. Suppose S E IT(R) and has compact support. For 
(j) G lp{Tj), define — n). Then G Mg{R) for 1 < q < oo and 

n 

< cii«>llpl!S||,. 

Proof: Let supp S C [— iV, Al] for some JV G N. Define Sn{x). = S{ANx — 2N). Then 
supp Sn C [i, |] and Sn £ IF{R). Let S* be 1-periodic extension of Sn from [0, 1) and 
G lp'{Tj). Now, \i (j) £ IpifL) then (p * ^ Mg{Z) for 1 < g < oo, because of the 

following reason. Consider the operator 

T : li{Z) X L\l) Mg{Z) 

T : /2(Z) X I2(t) — f Mg{Z), 

defined by T(</>,/) = </>*/. Then ||r(^6,/)lU,(z) < ||0||zp(z)ll/IU»-(T) for p = 1 or 2. So by 
Multilinear Riesz-Thorin interpolation theorem, T is a bounded and multilinear operator 
from lp{Z) X ^^(T) into Mg{Z) for 1 < p < 2 and ? G [l,oo). Thus (p * {3^)^ £ Mg{Z). 
Following the same approach as in the proof of Theorem 3.2 we have £ Mg{R). So by 
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Lemma 4.6 of Chapter 4 we have ^ and |1W^,5|1 m,(e) < C'l|<^l|p||5||p, where C is 

a constant depending on support of S. 

Remark: Observe that our result (Theorem 3.2) does not match with Jodeit’s result (The- 
orem 3.1) in the limiting case p = 1. In our case ^ is just a bounded sequence but Jodeit 
considered (p to be in M,(Z) = /oo(Z) n M,(Z). For the case p = 2, we have e M,(1R) 
for all q € [l,oo) whenever (p € / 2 (Z). From Plancherel theorem it is easy to see that 
h{^) — ^ 2(^1 O A/g(Z) for all q € [l,co). These observations pose the following problem: 

“ Let 5 € I^(M), supp S C [1,|] and < 00 , for 1 < p < 00 . For 

n€Z 

(j) G lp(Z) n define = E — n). Then is it true that LfL a e MgCR)^ 

3.3 A Maximal Inequality 

In this section we will prove a maximal inequality for a sequence of functions Sj as in 
Theorem 3.2. For this we need the following Lemma. In [1] Asmar, Berkson and Gillespie 
proved it for sequences. 

Lemma 3.2 Let G be a locally compact abelian group. Suppose l<p<oo,iVGN and 
C Mp{G). Define Mf{x) = sup |T^./(x)|. Let a net in Mp{G), for 

l<j<N 

the index set I=[0,1], such that 

(i) for I < j < N , 4>j^r (pj as r — > 1 pointwise on G, 

(ii) sup {\(pj^r{j)\ -I < j < N,r e I, J eG} <00, 
l<j<N 

(Hi) sup llM^llp = C < 00 , 
rei 

where C is a constant and is the maximal operator ( with (p, p) norm ||M^||p^ corre- 
sponding to the multiplier transform {20y.r}^i* ll-^llp — 
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Let C L (R) with supp Sj C |] and ^ |‘5j(n)|P < oo. The maximal operator 

n 

which is associated with this sequence is defined as 

M f{x) = sup \Tw^j, f{x)\, for 4 , € Ip- (Z) and / G LP(R). 

We know that ^ for some values of q. Also G Mg{Z). Let us define the 

maximal operator associated with as 

Mf{x) = sup \Tw^j,^J{x)\ for f G i7(T). 

We have the following result. 

Theorem 3.5 Suppose satisfies the above mentioned conditions. Then \\M\\p < C 

if ||M||p < C, where C is a constant. 

Proof: Let us assume fi G lp'{Z) is finitely supported. We have = fi* Sf, where 

Sf is the 1-periodic extension of Sj from [0,1). Define k{x) = ^ for x G [0,1) 

and Fj{x) = k*{x)Sj{x), where k* is the 1-periodic extension of k. Then Fj G L^(R) and 
supp Fj C [1, |] , Vjf G N. Moreover, 

/•t 

FjiO = / k{x)Sj{x)e-^^^^^dx 

/•! 

n£Z J 

Therefore, 

Tw,,f(x)=Fj*! forf€L<{«). 

where q belongs to the same range as given in Theorem 3.2. For / G L^{R) and for each 
n G N consider fn, a periodic function such that fn{x) = f{x + n) for a; G [0,1). For 
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X G 


1 

• 4 ’ 4 


rvv,,,J(x + n) = r k*{y)Sj{y)f{x-y + n)dy 

4 


Hence, 


?r (sup 

= Eii^^«II1.(t)<c’£||/„iii,,^,. 


So, 


iiM/ii;<c«^ii/„ii» = c«ii/ii«. 

n 

For arbitrary ^ £ Ipi, let (^( = X[-(,/]nz^- Then pointwise as / — ^ oo and 

^ C'||0||p'T'p and ||M'/||, < C'rp||(^||p/, where is the maximal operator associ- 
ated with So by Lemma 3.1, 1|M/||, < C'||(^rp||p,||/||,. 



Chapter 4 


Weak- Type Multipliers 

4.1 Introduction 

In this chapter we will study weak-type (p,p) multipliers. Questions regarding “extension 
problems” can also be asked in this particular setting. The dual problem dealing with 
“restrictions” of weak-type (p,p) multipliers has been widely studied. To put things in 
prespective, we feel the need to begin with a brief survey of “restriction problems” in §2 of 
this chapter. In §3, we will prove some results concerning extensions of weak-type multipliers. 

Let T be a translation invariant operator on where G is a locally compact abelian 

group, with Haar measure A. There are many translation invariant operators such as the 
Hilbert transform, Calderon- Zygmund singular integral operators on R^, which are not 
bounded on but satisfy weak (1, 1) inequalities. So it is natural to study the translation 
invariant operators satisfying weak {p,p) inequalities i.e., T : IP{G) — > LP{G) such that 

TxT = Ttx \fx eG, and for which there exists a constant C such that 

np 

X{xEG:\Tf{x)\>t}<~\\f\\l (4.1) 

for all / 6 LP{G) and t > 0. We denote by the set of all such operators. Of 

course, if T e M(i7(G)) then T E It is well known that if T 6 M{I7{G)) then 
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there exists a function € L°°{G) such that T = T^ where {T^fY = (j)f V/ e n Lp{G) 
We say that (f) is a multiplier of weak-type (p, p) if 

PP 

A{:r€ G: |r^/(2:)| >t} < -^||/||P (42) 

for all f e L'^ n LP(G) and t > 0. So by Chebyshev inequality if (/> e Mp{G) then ({> is a mul- 
tiplier of weak-type (p,p). Then, if the operator satisfies Eqn. (4.2), it extends uniquely 
from L'^ n LP{G) to a linear mapping on L^{G) into the space of A-measurable func- 
tions on G such that whenever {/„}“ i converges to / in I/{G), then {TMn=i converges 
in measure to Clearly is translation invariant and the inequality in Eqn. (4.2) 

remains valid (with the same constant C) for all / G I/{G) and t > 0. 

For 1 < p < oo denote M^Y^G) = {(/>: A{a; € G : \T^fix)\ > t} < ^||/||^} ( the 
constant G may depend on ^). For € M^'^\G), let A^p“’^((/>) be the smallest constant 
G > 0 such that Eqn. (4.2) holds. Np'^\4>) is the weak-type “norm” of on I/{G) ( 
which is not a norm but a quasi norm. In fact Np^\(f> -f '0) < 2{Np^\(j)) + Np^\'ip)) for 

^,^€MP(G)). 

The study of multipliers of weak- type (p,p) was initiated by Misha Zafran in [41]. As 
mentioned above every multiplier operator on I/{G) satisfies a weak- type (p,p) inequality. 
So the question arises “Does there exits a ^ G M^\G), for 1 < p < oo such that (j) ^ 
Mp{G)T'‘ In 1975 Zafran [41] produced examples of functions (j) such that (j> G M^\G) Pi 
Go(G), for 1 < p < 2 when G = R^,T^,Z^ or where is the Bohr compactification 
ofR^, but (^0Mp(G). 

We mentioned earlier that Np^\.) is not a norm but a quasi norm. So, we expect 
Mi'^\G) to be a quasi Banach space. To prove this we need to find the relation between 
|(.|U and In [8], Asmar, Berkson, and Gillespie proved the following result. A 

simple application of this result yeilds that (G) is a quasi Banach space. 
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Theorem 4.1 If I <p<oo and 0 G (G) then 

where Kp is a real constant which depends only on p. 

They proved this theorem by using the homomorphism theorem for weak multipliers and 
the fact that if fc 6 L^{G) and <f) 6 M^\G) then k * (/) e M^\G) [7], for 1 < p < oo. See 
Rapaso [35] for the case p = 1 (we will discuss these results in the next section). 

Now, to establish appropriate parallels between weak- type and strong type multipliers 
one has to answer the following question: “If T is a translation invariant linear mapping of 
weak- type (p,p) on LP{G), then does there exists a measurable function (p on G such that 
T = T^\ Asmar, Berkson and Gillespie [8] answered this question in the affirmative for 
1 < p < CO. For p 7 ^ 2, they showed that if T 6 1^’°°), then 

T{f*g)=Tf*g = f*Tg (4.3) 

for every g € IJ’{G) and for every simple integrable function /. Further, 

lir/li;,c„<Jvi”>(T)||/|i;,, (4.4) 

and 

l|r/li;.,„<p'iv}'">(T)||/||;,,,. (4.6) 

By Marcinkiewicz interpolation theorem it follows that, T is of strong type (2, 2) on the 
linear space of integrable simple functions. So T = for some <j> G Mp^\G) on I/{G). 
For p = 2 they showed that, if T is a translation invariant operator satisfying weak-type 
(2, 2) then T is of strong type (2, 2) on L^(G). 
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4.2 The Restriction Problem For Multipliers Of Weak 
Type {p,p) 

The analogue of de Leeuw’s restriction problems, for multipliers of weak- type {p,p) , has been 
studied by various mathematicians. In this section we will make a brief survey of restriction 
problems for multipliers of weak- type (p,p). 

A generalization of de Leeuw’s restriction theorem for arbitrary locally compact abelian 
groups is the homomorphism theorem for multipliers [23]. More precisely, 

Theorem 4.2 Suppose G\ and are two locally compact abelian groups. Let </> € Mp{Gi)n 

^ a, 

C{Gi) and let p : G 2 —> Gi be a continuous homomorphism. Then (p o p G Mp{G 2 ) and 
p\\mp{G 2 ) — ''^here C is a constant which depends only onp. 

Hence if <p e Mp(E^) n C'(E^) and p is the usual inclusion map from to E^, the homo- 
morphism theorem will imply de Leeuw’s theorem on E^ . Analogous results for multipliers 
of weak-type {p,p) for 1 < p < 00 have been proved by Asmar, Berkson and Gillespie [7] [6]. 
In order to prove this, they proved results regarding convolution of an function with a 
multiplier of weak- type (p,p). These results are interesting in themselves and we will discuss 
these here. 

Let (X, u) be an arbitrary measure space and u i-> ilu a strongly continuous representa- 
tion of G on U‘{X) (1 < p < 00 ) satisfying the following conditions: 

(a) R is separation preserving on U(X) (i.e. if f,g G D’{X) and fg = 0 a.e., then for all 

u G G, {Ruf){Ru9) — 0 a-e-)- 

(b) There is a positive real constant Kp such that l|Eu/l|p ^ ^pII/IIp all u G G and 

/ G LP{X). 

(c) There is a positive real constant K^o such that ||Ru/||oo < KooWfWoo for all u € G and 

/ G LP{X)nL°°{X). 
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Under these conditions it is proved in [5] that 

H^eX:lR,f(x)i>t}<(KpK^riy{xeX:jf(x)l>-^} ( 4 . 6 ) 

^OO 

for all u 6 G, / € I/(X) and t > 0. Such representations are called r/-distributionally 
controlled. In [3], Asmar, Berkson, and Gillespie showed that for each such H there is a 
uniformly bounded strongly continuous repreesentation of G acting on L^(X) such 
that for all ti G G and / G L^(X) nl/(X), = R^f. Now is a bounded 

multiplicative group of operators on L^(X). So there exists a self adjoint invertible operator 
U on L^(A') such that for every u E G, URu^U~^ is unitary [20, Theorem 8.1]. Then by the 
generalized Stone’s theorem [36], there exists a unique regular Borel spectral measure £(.) 
on G such that 

R^^) = I y(u)dS{y) ^ueG. (4.7) 

Jg 

Let 0 : G — >• C be a bounded Borel measurable function. Define a bounded linear operator 
>L2(A) by 

5e = y e(7)d^(7). 

G 

If ^0 satisfies weak-type (p,p) inequality for / G Pi U’{X) then it has a unique extension 
from n JA’(A’) to a linear mapping from 17 (X) to the space of complex valued 
measurable functions on JA. If 0 = fc for some k G L^(G) then 

= Hkf V/ G XP(JA), (4.8) 

where Hk is the transferred operator defined by 

Hkf(.) = j k(u)R^~.f(.)du V/ G U{X). 

G 

By considering X = G and the representation R given by Raf{x) = f(ux) for u,x eG and 
/ G LP{G), it is easy to see that if (j) E Mp(G) then = T^, where is the multiplier 
operator corresponding to 
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In [4], Asmar, Berkson, and Gillespie proved the following theorem for 1 < p < oo and 
in [6] they proved it for the case p = 1. 

Theorem 4.3 [4, Theorem 2.6] [6, Theorem 6.5] Suppose that 1 < p < OO j GTld ^ 

Mp^\G) n C{G). Then for each j, the operator can be defined as above on LF{X) and 

v{x€X : sup |3W/(l)| >t}< ( 

for all f G 1J’{X) and all t > 0, where p' is the index conjugate to p , and Kp and Koo are 
constants occuring in (b) and (c). 

They proved the above theorem by applying the following convolution result. 

Lemma 4.1 [4] [6] Suppose that 1 < p < oo, fc € L^{G), and is a (finite or infinite) 

sequence of functions belonging to M^\G). Then {A: * Q M^\G), and 

where denotes the weak-type (p,p) norm of the maximal operator defined on 

LP{G) by the sequence {T^^}j>i. 

From Theorem 4.3 we can deduce the homomorphism theorem for 1 < p < oo. Let 
p : C?i — > G 2 be a continuous homomorphism and p : G 2 — > Gi, the dual homomorphism 
defined by (p(u))( 7 ) = u(p( 7 )) for all u E G 2 and 'y E Gi- For 1 < p < 00 , define on 
IT{Gi) by = /(p(^)^)- So is a strongly continuous distributionally controlled 

representation of G 2 on JA’(Gi), with Kp = Koo = 1- Also for each bounded Borel measurable 
function 0 on G 2 , the operator S 50 is the L^(Gi) multiplier transform corresponding to the 
bounded measurable function 0 o p on Gi [2], So, if ^ G M^\G 2 ) then ^^f = T^opf for 
f E Tfi r\ I/{Gi). Hence from Theorem 4.3, we have (fo p e Mp^\Gi). So we have the 
homomorphism theorem for weak-type multipliers. This is formally stated below: 
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Theorem 4.4 [4, Theorem 4.1] [6, Theorem 1.5] Suppose 1 < p < oo, and p is a continuous 
homomorphism from Gi to G 2 . Let {<f>j}j>i C i\4"'^(($2) n C{G 2 ). Then (f>j o p e M^'^\Gi) 
for each j > 1 and ° Ph>i) < {pTNi'^\{4>h>i). 

In [9], Asmar,Berkson, and Bourgain answered the following question posed by A.Pelczyhski [34 
“ If <;5 € and is continuous at each point of Z^, is it necessarily true that 

belongs to The answer follows from the following theorem which they proved 

in the same paper. 

Theorem 4.5 [9, Theorem 1.2] Suppose k G L^{R^) and {4>j}j>i C then k*4>j E 

for each j > 1 and N['“\{k * <t>j}j>i) < ^N\\k\\iN[^\{<pj}j>i) where Kfj is a 
constant depending only on N. 

In [35], Raposo extended Theorem 4.5, the result of Asmar, Berkson and Bourgain [9] to a 
more general set up. He proved the following: 

Theorem 4.6 Let A E M{G) and {4>j}j>i Q M[^\G). Then X * (j)j E Mi^\G) for each 
j >\ and 

where C is a universal constant. 


If each for some J G N, has compact support define G L^{R^) such 

that hn,j = kn* 4)j, where is the n-th Fejer kernel on R^. Let Rxf{t) — f{t6{x)) for 
f E L^ (T^ ), X = {xi,. . . ,Xn) ^ R^ and 0{x) = , . . . , ) . Then the transferred con- 

volution operator Hh^ . on L^(T^) is defined by Hh^ .f = / hn,j[x)R-xfdx V/ G 
and also satisfies 


ddhnjf ^ '^hn,j\j,N ^ ~ f • 


As R is a distributionally bounded representation we have 
l{l € T" : > t}l < 


WRn'i A . 
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Then by usual approximation one gets result for any (j) e In [9], Asmar, Berkson, 

and Bourgain proved the maximal inequality for the following theorem. 

Theorem 4.7 Suppose <j) € and continuous at each point on Z^. Then € 

and n['^\4)\xn) < where depends only on N. 


4.3 Weak- Type Extensions 

4.3.1 Introduction 

In this section we are concerned with extensions of weak-type multipliers from to 
through summability kernels. Let us define summability kernels for weak- type multipliers as 
follows; 


Definition 4.1 A bounded measurable function A. : R 


N 


C is called a weak summability 


kernel for Mj 


{w) 


if for every cf G the function = J] 4){n)A{( — n) 

is defined a.e. and belongs to 


This definition is just the weak-type analogue of summability kernels for strong type multi- 
pliers. We first cite two important results regarding the summability kernels of strong type 
multipliers from the work of Jodeit [29] and of Berkson, Paluszynski and Weiss [11]; 

Theorem 4.8 [29] Let S € L^{R^) and supp S C [\, |]^ with r = l(5'*)^(n)| < oo , 

where is the 1-periodic extension of S from [0, 1). Then the function defined by 

= E <^(n)5(e-rz) 
nez^ 

belongs to Mp(R^) , /or 1 < p < oo with 


ll^(^,.sllArp(R^) — Q)'''11*^IImp(Z^)- 
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Theorem 4.9 [11] For 1 < p < oo, let A e Mp(R^) and supp A C [1, |] ^ . For ^ € 
Mp(Z^) define 

T,Anm-n) 

neZJV 

on Then E Mp(R^) and 

where the constant Cp depends onp and on the support of A. 

In fact, the condition supp A C [1, |] ^ in Theorem 4.9 can be relaxed to allow A to have 
arbitrary compact support. Asmar, Berkson and Gillespie proved a weak-type analogue of 
Theorem 4.8 in [5]. In this same paper they also proved that, in the case when A(^) = 

N 

n max(l — l^jl, 0) for ^ = (^i, ..., ^at)) then A is a weak-type summability kernel for 1 < p < 
oo. In fact this is a particular case of Theorem 4.9. In §4.3.3 we prove a more general result 
for 1 < p < oo. In §4.3.4 we relax the hypothesis that the support be compact. We will 
obtain weak-type inequalities by applying the technique of transference couples (as in [11]) 
to prove our main result. In §4.3.5, as an application of our result, we prove a weak-type 
analogue of an extension theorem by de Leeuw. 

4.3.2 Weak- Type Inequality for Transference Couples 

Let us recall the definition of transference couples. 

Definition 4.2 For a locally compact group G, a transference couple is a pair {S,T) = 
({‘5u},{Tu}) , uEG, of strongly continuous mappings defined on G with values in B{X), 
where X is a Banach space, satisfying 

(i) Cs = supdl^ull :ueG} <oo 


(a) Ct = supdlTu]] : u € G} < oo 
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f Hi) SyTu = Tuy Vu, V ^ G. 

Let A G and supp A C [|, |] Consider the following transference couple 

(5, T) used by Berkson, Paluszyhski and Weiss in [11]. For u the family T = {Ty} is 
given by 

= E A(^ - for f e L^{R^) (4.9) 

nez^ 

and the family 5 = {5„} is defined by 

(SjnO = E for f e LP(m«), (4.10) 

nez^ 

N 

where 6(^) = J([ bi{(i) for ^ = (^i, and for each i, hi is a continuous function defined 

i=l 

on R as 

1 if^e[i|] 

4rr if X 6 [0, j) 

hi{x) = 

4(1 -x) if X G (|, 1] 

0 otherwise. 

It is easy to see that 


Suf{x) = pu{l)f{x + u-l) a.e., (4.11) 

iez^ 

where is the Fourier transform of the function which is given explicitily 

by 

N 

A(f) = 

i=l 

where 




- ^i) - cosn(^i - Ui)) 


if 6 # Mi 

if = Ui- 
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For i G an easy estimate shows that 


N 

|/3«(0I < /3(0 ^ where /3(l) = A(^i) and 

2 = 1 


Then 


Piik) = 


(/; — 1)2 k ^ 1 

((i+i)2 k < 1 

||5i||i otherwise 


E l/5u(0l < E ^(0 = C <oo. (4.12) 

/ez^ 

In the following theorem we shall show that the operator transferred by T (of the transfernce 
couple {S,T) defined in Eqn. (4.9) and Eqn. (4.10)) given by 

Hkf{.) = f k{u)T^-.fi.)du, 

JjN 

where k G L^(T^) and / G i7(R^), satisfies a weak {p,p) inequality. 

Theorem 4.10 Let {S, T) be the transference couple as defined in Eqn. (4-9) and Eqn. ( 4 - 10 ) ■ 
Then for 1 < p < oo and t > 0 

where C = E (4-lS), Ct is the uniform bound for the family T = {T^}, 

lez^ 

and Cn — . 

^ p—l 

Proof: Assume / G <S(E^). For t > 0 define Et = {r : \Hkf{x)\ > t} and 

Tt = {{v, rc) G X | ^ A-i (1) k{u)T^-xJ{x - l)du\ > t}. Then 

\{Et) = A{a; G R^ : \Sv-iJ,^Nk{u)Tu-ivf{x)du\>t} 

= A{rr G R"^ : I E k{u)T^-xJ{x -v-l)\>t} 

= A{a; G R^ : I E /3„-i(0/tn k{u)T^-iyf{x -l)\>t} 
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= / A{l€R'':|EA-(i)/T»M»)r„-.,/(l + OI>«}- 

ieZN- 

So from the definition of X:Ft and Fubini’s theorem we have 


= XTti'o,x)dxdv 




Xj^t{v,x)dvdx 


= / \{'V -IT, ^v-i(l)JT[NK‘^)Tu--^vf{x-l)\>i}\dx, 

Jr^ fez^ 

where \E\ denotes the measure of the subset E CT^. Thus 


KEt) < / \{v: ZW(’-)!T^K'>^)Tu-^vf{x-l)\>t}\dx 

= [ \{'V ■ \J1 - i){^)\> t}\dx, where F{v,x) = Tyf{x). 

Jr^ lez^ 

We know that suptA/(t)p = ||/lli,p.«> for / G Also, since p > 1, as stated in §5 ii 

t>o 

Chapter 1, 1| ||p,c» is equivalent to the norm 1| \\*^^ ([39]), we have 


m) < f hi:mk>F{.,x-i)\\>„dx 

JR'^ ^ 

< Clf i(E/3(0P*f(-,^-i)lll,-(T"))‘'‘J2:. where C„ = -A- 

JR^ lez^ p — 1 

< cj / E mm * F(.,x- iw^ydx 

JR^ lez^ 

where Np'^'^ {k) is the weak- type norm of the convolution operator / i — > k*f iov f e IF{T^). 


Thus, 

HE,) < Cl]-Y.mt4“\E)(( f \T.f{x-mxdv)i)’‘ 

t>'l^lN JRN JjN 

= Cji(EW)4"’W(/ [ \TJ(x-l)\“dxdv)i)'’ 

< cjAe/JW^’WCtII/IIp)" 


Hence, Hkf satisfies a weak (p,p) inequality. 
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4.3.3 The Main Theorem 

In order to prove the weak-type analogue of Theorem 4.9 we need the following Lemma 
proved by Asmar, Berkson, and Gillespie in [4]. 

Lemma 4.2 [4] Suppose that 1 < p < oo , {(j)j} C M^\G); sup{|^j( 7 )| : j E N,y e G} < 

j 

oo and suppose 4>j converges pointwise a.e. on G to a function ({) . If lim ini Np“\(f)j) < oo 

3 

then (p 6 M^\G) and Np“\(j)) < Mm ini Np^\(pj). 

j 

Theorem 4.11 Suppose 1 < p < oo and A e Mp(lR^) is supported in the set [i, |] ^ . For 
p e define 

W^0,a(O = E - 'n) on 

nez'^ 

Then and < CNt\p)\\M\M,(R^)- 

Proof: With the help of Lemma 4.2 we first show that it is enough to prove the theorem for 

p G having finite support. Suppose the theorem is true for finitely supported p. 

Then for arbitrary p G define pj = kjp, where kj is the j-th Fejer kernel. Then 

for each j , pfs have finite support and {T^.f)'^{n) = pj{n)f{n) = {T^{kj * /))^(n). So 

Pj G for each j and Ni^\Pj) < N^'^^p). Define W^.,a{0 = E - ^)- 

nez^ 

Now lim infW^^,A(^) = W0 ,a(O- Also, by our assumption 

< CNp 

and 1 W^,.,a 1 < 2||Allooll<^jlloo < 2l|A||ooll</>l|oo- Thus by Lemma 4.2, applied to Wj>.ys ,we 
conclude that W/>,a ^ Hence it is enough to assume that p G has finite 

support. 

Now let p G Mp^\z^) be finitely supported. Define k(u) = E then 

nez^ 

k G L^(T^) and k{n) = p{n). For this particular k and the transference couple {S,T) 
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defined above. We have 




[ k{u)(T,-,fnOdu 

[ E A(^-n)e-2~/(^)dn 

nez^ 

E A(^ - n)k{n)f{^) 

E 0WA(^ - n)/(0 

nez^ 

{Tw^jno- 


Thus Tw^ j^f = Hkf- Hence from Theorem 4.10 we have 

A{l e *" : \Tu,,J[x)\ >(} < (jN}”’ WI|A||„,( t»,||/||,)'’. 


4.3.4 Lattice Preserving Linear Transformations and Multipliers 

We shall now relax the hypothesis that supp AC [|, |] ^ to allow A to have arbitrary 
compact support. In fact this can be done by a partition of identity argument as in [11]. 
Here we give a different method by proving Lemma 4.5 below. Particular cases of this lemma 
occur in [29] and in [5]. Suppose supp A C [-M, M]^; define A.m{0 = Ai(4M^), where 
Ai(^) = A(^ — |). So supp Am C [I, |] ^ . Thus if we define a non-singular transformation 
A : MA — )■ such that Ax = 4Mx then Am = Aio A. In order to replace the support 
condition we need to prove Am o A~^ is a summability kernel. In the work of Jodeit and of 
Asmar, Berkson and Gillespie they assume A in Lemma 4.5 to be multiplication by 2. We 
have combined some of the results proved by Grochenig and Madych in [27] in the following 
lemma which will help us to prove Lemma 4.4. In the proof of Theorem 4.12, we only use 
the case of a diagonal linear transform, but the more general results proved below are of 
some interest in their own right. 

Lemma 4.3 [27] Let A : be a non-singular linear transformation which pre- 

serves the lattice (i.e. A{Z^) C Z^). Then the following are true. 
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fij The number of distinct coset representatives ofZ^/AZ^ is equal to q = |det A|. 

(li) IfQo = [0,1)^ and h,... ..,kg are the distinct coset representatives ofZ^/AZ^ then 
the sets A~'^[Qq + kf) are mutually disjoint. 

(Hi) Let Q = + ki), then X{Q) = 1 and U^gzjv((3 + /c) ~ R^. 

(iv) AQ ~ Ul^-^{Qo + ki). 

The above result is essentially contained in [27]. For convenience we state it here as a lemma 
and give the details of the proof. We need the following lemma whose proof is easy and can 
be found in [27]. 

Lemma 4.4 Suppose Q is a measurable subset of such that Ufc£zw((3 + fc) ci R^. Then 
the following are equivalent. 

(1) Q f] {Q + k) (j), where k gZ^ \ {0}. 

(2) X{Q) = 1. 

Proof of Lemma 4.3: Let Qo = [0, 1)^ and ki,...,km be the distinct coset representatives 
of Z^IAZ^. Then, 

R” = Uji,gz^(Qo + 

= ^2:1 (Qo + A:i + Ak) 

= Ufcezjv{ylfc + U]^i((5o + ki). 

Since T~^R^ = R^, applying A~^ to both sided, we get 

R^ = + ki)} = + k), 

where Q = + h). So, Q satisfies the hypothesis and (1) of the Lemma 4.4. 

Hence X{Q) = 1. Since Q is the union of disjoint subsets A~^{Qo + ki), ..., A“^((5o + km), 
each having measure i, it follows that m = q. So we have proved (i). Proof of (ii) is trivial. 
As m = g, the proof of (iii) is included in the proof of (i). (iv) follows from (iii). 
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Lemma 4.5 Let A be as in Lemma 4.3. Denote A* = B. For (p e /oo(Z^) define 


ip{n) = <p{Bn) 


and 


T]{n) = 


(j){B-'^n) n e BZ^ 

0 otherwise. 


(i) If (p E Mp(Z^) then ip,rj E Mp{Z^) with multiplier norms not exceeding the multiplier 

norm of (p. 

(ii) If (p E then 'ip^V ^ M^\z^) with weak multiplier norms not exceeding the 

weak multiplier norm of (p. 


Proof: (i) For / E ]J‘{Qo), we let / again denote the periodic extension to . Define 
Sf{x) = f{Ax) , then Sf is also periodic and 


'Qo 


\Sf{x)fdx = f \Sf{x)\^'^XQ{x-j)dx 
jQo 




Qo+j 


\S f{x)\^XQ{^)dx 


[ \Sf{x)\^dx 
JQ 

1 ^ r 

- / \f{x)Y’dx ((iu) of Lemma 4.3) 

^ 2=1 'I Qo+ki 


= [ \fix)\^dx. 

JQq 


Thus S is an isometry, i.e., || Sf |Up(Qo)=I1 / IUp(Qo)- 
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Further, 


{Sfrin) = [ f{Ax) 

JQo 

[ m 

J AQc\ 


■ 27 rii.n^^ 


9 JaQo 

-J] f 

^ i=l ‘^Qo+^i 
Q i=i JQo 


^ i=l ‘^‘3o 
^ '^*3o 


(where li,. .. ,lq are distinct coset representatives of fBZ^). So, from the orthogonality 
relations of the characters (Lemma 1, [33]) we have 


{Sfnn) = 


I{B-^n) ifneBZ^ 
0 otherwise. 


For / e IT{Qo) we define an operator on U’{Qo) such that W f{x) = “ S /(^ ^(a:+ Aij)), 


i=l 


where ki,. kg are distinct cosets of Z^ \ AZ^ . Then for a trigonometric polynomial /, 
{Wf)\n) = -'Tf /(A-M 2 ; + fci))e-2~dx 
= - V / /(A-'x)e-2”^-*dx 

^"^jQo+ki 


izf 

i=l JA-^Qo-{-ki 


/(^)e 


—2‘KiA^n,x 


dx 
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and so 


(/ \Wf(x)rdx)i = if \-Tf(A-'{x + k))\’’dx)i 

jQa JQo 9 j=i 

s ;E(/ \f{A-'{x + h))\”dx)i 

^ 2=1 '^QO 

\f{A'^x)\^dx)p 

’ i=l •! Qg+ki 

i 9 r 

= —Yli \f{x)\^dx)p 

^ 2=1 ^ 

1 

-( [ \f{x)\Pdx)p 
Jo 


Q JQ 

? II / llnp(Qo) • 


iz£ 


Therefore H W f |1lp(Qo)< q p 1| / lli:,p(Qo)- is easy to see that 


5T^IT = r, 


(4.13) 


and 


WT^S = (4.14) 

It follows that, if (/) e Mp(Z^) then \\T^f\\ < Cp||(^1|mp{z^)|1/||lp(Qo) Also |ir„/l|iP(Qo) < 
C'pII0||m,(zj^)I|/||z,p(Qo)- Hence ^,ri e Mp(Z^). 

(ii) For (j) E Mp"\Z^), we need to calculate the distribution function of Sf and Wf. 
Denote Et = {x E Qq : 15/(a:)l > t > 0}. Then 


l-Etl = / XEt{x)dx 

JQo 

= [ Xr+(|/(Ax) 1 -t)da; 

JQo 

XR+{\fiAx) \ - t)dx 


XR+(l/(a;)l -t)da: 

Q Jaq 

= f XR+{\f{x)\-t)dx 

^ 1Ti JQo-\-ki 
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= /: 

JQo 


XiR+(l/(a^)| - t)dx 


= l{a::l/(a;)>0|. 


Therefore 


Also 


Thus 


|{x G Qo : \Sf{x) > t}\ = |{a; € Qo ■ \f{x) > f}| 


(4.15) 


\{xeQo:\Wf{x)\>t}\ = 


< 


|{x € Qo : \ J2f{A + ki))\ > tq}\ 
2 = 1 

l{x € Qo : Y^\f{A-'^{x + /Ci))! > tq}\ 
2=1 

E/ XR+{\IiA~'^{x + ki))\-t)dx 

2*=! J Qq 

E/ XR+{\f{A~^x)\-t)dx 

2=1 J QQ-^-ki 

9E [ X&+{\f{^)\-'t)dx. 

2=1 J A ^ {Qo-^-ki) 


|{x G Qo : \Wf{x)\ >t}< q\{x G Qo : \f{x)\ > 01 - (4-16) 

From the relations (4. 13), (4. 14) along with (4.15), (4.16), we conclude that 'ip,r} e 
whenever (j) G . Also A'j“^^(V^) < CNi'"\(j)) and < CNi'"\(l)). 

As an application of this Lemma we get the following result regarding weak summability 
kernels. 


Lemma 4.6 Let A be as in Lemma 4-3- Suppose A is a weak (strong) summabiliy kernel 
then Ao B and A o are also weak (strong) summability kernels. 

Proof: Define VF<^,aob on for (j) G 

lF^,A°B(a:) = (t>{n)AoB{x-n) 

= E <)>{n)A{Bx — Bn) 
nez^ 
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= <l>(B-^n)A(Bx - n) 

neBZN 

— 'f]{B)A{Bx — n) 
nez^ 

= Wr,,^[Bx). 

As 7] e Mp“\z’^) (by Lemma 4.5) and since A is a summability kernel we have e 
Hence W^,aob € il4“^(E^). Similarly 

LL'mcs-i = Y1 <i>{n)A{B^^x - B“^n) 

nez^ 

= ^ (f){n)A{B~^x — B~^n) 4 1 - (f>{n)A{B~^x — B~^n) 

neBZ^ n6BZ^+p,_i 


where p\....pq-\ are distinct coset representatives of BZ^ \ Z^ 

(j){Bn)A{B~'^x - n) + ... + ^ 4>{Bn + - n) 

nez^ ngz^ 

= + ... + + B- Vi) 

where tppiil) = {Tp^(f)){Bl), i = 1, 2, — Astp E M^\Z^) and A is a summability kernel 

we conclude that W^,aob-i ^ Mp“'^(E^). 

Hence from Lemma 4.6 and the discusssion proceeding Lemma 4.3 we conclude the fol- 
lowing theorem. 

Theorem 4.12 Suppose A E Mp(E^) and supp A C [—M,M]; for (f> E Mp“\z^) 

define = E <t>{n)A{^-n) on E^, then W^,^ E and iVf>(W^,A) < 

n€Z^ 

Ca]V«(./>)||A1|„,(r»), where Ca is constant depending on A. 
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4.3.5 An Application 

An application of Theorem 4.12 is a weak-type version of a result proved by de Leeuw [39]. 
Theorem 4.13 For 1 < p < oo , and e > 0; let C satisfy 

(i) lim(/>,([f]) = (l>{x) a.e. 

(ii) sup N^\(t>f) = K <CG. 

€ 

Then (f> G and < sup 

e 

Proof: for each e > 0, define on R by 

- ri). (4.17) 

nez 

As X[o.i) ^ Mp(lR) for 1 < p < oo, from Theorem 4.12 we have e and 

Np^\W)i,^ < CN^\(f)f) < CK . We define another function ?/>£, for each e > 0, by = 
W^Xi)- Then and 

< Ck. (4.18) 


Prom (4.17) we have 


^,{x) = W^,(-) = -n) 

6 „ c 

nez 

So from our hypothesis 

lim'0e(x) = Mx) a.e. (4-19) 

£-A0 

Also we have iV'el^)! < oo (as sup |^e(’^)| < co)- 

€,n 

Hence from (4.17), (4.18) and (4.19) along with Lemma 4.2 we have (f) G Mp^\'k) and 
Ni'^\(j)) < limiVj“'^ ((/.,) < CK. 
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